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1. DATA STRUCTURES

1.1. Dynamic Data Structures.

struct state {/x*...x/};
struct operation {/*...
struct data_struct {
- state s;
- void apply_operation(operation &op) {
VA Y4
s s = /%...%/; }
- void rollback(state &old_s) {
R A T A

--- s =old_s; } };
// this is a segtree over time, not over the data structure --
struct segtree {
- int 1, r;

- std::vector<operation> operations;
- segtree xleft, xright;
- segtree(int 1, int r)
oo if (L==r) {

=(L+r)/ 2
left = new segtree(l, m); --------mmmmmmmmmm o
right = new segtree(m + 1, r); } }
- void add_operation(int _1, int _r, operation &op) {
-- if ((L<=16&8 r <= _1) {
operations.push_back(op);
--- }Yelse if (_r <1 || r<_1) {
return;
--- } else {
left->add_operation(_1, _r, op);
right->add_operation(_1, _r, op); } }
- void solve(std::vector<int> &ans) {
--- state old_s = dS.S; ----------mi o
--- for (operation &op : operations)
ds.apply_operation(op);
oo dif (L==r) {
ans[l] = /x*..
--- } else {
left->solve(ds, ans);
right->solve(ds, ans); }
--- ds.rollback(old_s); } };

1.2. Fenwick Tree.

struct fenwick {
- vi ar;
- fenwick(vi &.ar) : ar(_ar.size(), 0) {
--- for (int 1 = 0; i < ar.size(); ++i) {
ar[i] += _ar[i];
int j =1 | (i+1);
if (j < ar.size())
ar[jl += ar[il; } }
- int sum(int i) {
--- int res = 0;
--- for (; 1 >=0; 1= (i & (i+1))
res += ar[i];
---return res; } -
- int sum(int i, int j) { return sum(j) - sum(i-1);
- void add(int i, int val) {
--- for (; i < ar.size(); i
ar[i] += val; }
- int get(int i) {
--- int res = ar[il];
R & I B T e e
int lca = (i & (i+1)) - 1;
for (--i; i !'= lca; i = (i&(i+1))-1)

1.3. Leq Counter.

- segtree =*xroots; -

- LeqgCounter(int =*ar, int n) {
std::vector<ii> nums;
0; 1 < n; ++i)
nums.push_back({ar[i], i});
std::sort(nums.begin(), nums.end());
new segtreex[n];
new segtree(0, n);

for (int i =

roots =
roots[0] =
int prev = 0; --
for (ii &e :
for (int i =
roots[i] =
roots[e.first]
prev = e
--- for (int i =
roots[i] =

--- std::sort(nums.begin(), nums.end());
new segtree(0, n);

--- roots[0] =
--- int prev = 0; --
--- for (ii &e :
roots[e.first]

auto it =

1.4.

- std::stack<ii> st;

- bool empty() { return st.empty(); }

- void add(int x) {

res -= ar[i]; }
--- return res; } --
- void set(int i, int val) {
- // range update, point query //
- data_struct &ds; // any data structure with the above interface void add(int i, int j, int val) {
--- add(i, val); add(j+1,
- int getl(int i) { return sum(i); } };

nums) {
prev+l; i < e.first;
roots[prev];

.first; }
prev+l; i < n; ++i)
roots[prev]; }
- int count(int i, int j, int x) {
--- return roots[x]->query(i, j); } };

nums) {

prev = e.first; } }
- int count(int i, int j, int x) {
neg_nums.lower_bound(-x);
if (it == neg_nums.end())
return roots[-*it]->query(i, j); } };

add(i, -get(i) + val); } ------
-val); }

1.3.1. Leq Counter Array.

#include "segtree.cpp"
struct LeqCounter {

= roots[prev]->update(e.second, 1); -----

1.3.2. Leq Counter Map.

struct LeqCounter {
- std::map<int, segtree*> roots;
- std::set<int> neg_nums;
- LeqCounter(int =*ar, int
--- std::vector<ii> nums;
--- for (int i = 0; i < n; ++i) {
nums.push_back({ar[i], i});
neg_nums.insert(-ar[i]l);

= roots[prev]->update(e.second, 1); -----

return 0;

Monotonic Stack & Queue.
struct min_stack { -
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--- int mn = st.empty() ? x : std::min(x, st.top().second); -- - for(l = 1-1; 1 >= q.1; 1--) update(l); ----------------------~---- temp_val = 0; } } --co-mo o
--- stopush({x, mn}); } ---------o-oiieoiie e e - void increase(int _i, int _j, int _inc) { -------------ooo--
- void pop() { st.pop(); } --------oiiiiiiii e e VASIE()) mmm e
- int top() { return st.top().first; } ---------------- L.7. Ordered Statistics Tree. s if (L1 <= 1 && J <= ) { v
- int min() { return st.top().second; } }; -------------oooo-- #include <ext/pb_ds/assoc_container.hpp> // for rope ds: ----- _____ LeMP_val += _ANC; - - o m e
struct min_queue { --------- - #include <ext/pb_ds/tree_policy.hpp> // <ext/rope> -------  _____ VISIT () - mmmmmmmm e
S omin_stack Stl, St2) oo using namespace —gnu_pbds; // —_gnu_cxx; ------- - Yelse if (L] < i OF § < i) { ccccmmmmmmiie i
- void add(int x) { stl.add(X); } ---------ccemmooooaoo- template <typename T> --------------ooomooooiiii e /] 00 MOTRING - <o - om el
= VOdd FUEIP() { = -mm e using index _set = tree<T, null_type, std::less<T>, ----------- Soo } @LSE f el
--- while (!stl.empty()) st2.add(stl.top()), stl.pop(); } ---- sSPlay_tree tag, tree order_statistics_node_ update>; ---------- _____ l->increase( i, _j, _ANC)j - --mmmmmmi o
- void pop() { if (st2.empty()) flip(); st2.pop(); } --------- // indexed_set<int> t; t.insert(...); // rope<int> v; -----  _____ r->increase( i, _j, _ANC); ------cmmmeme oo
- int front() { if (st2.empty()) flip(); return st2.top(); } - // t.find by order(index); // 0-based // v.substr(l,r-1+1); ____. val = 1->val + r->val; } } cccocmomomomooiio
- int min() { return std::min(stl.min(), st2.min()); } }; ---- // t.order_of_key(key); // v.mutable_begin(); . int query(int _i, int _§) { - c--c-omemm e
1.8. Segment Tree. so- visit(); o c---eeieiiieiieie i
1.5. Misof Tree. A simple tree data structure for inserting, erasing, and co- if (L1 <=1 and j <= _J) cccmemmmmemmmm i
querying the nth largest element. -sive, Point-update Segment Trec | FERUIN VAl; - - - oo e oo
#define [,BITS 15 ---occmsioomooommmociiooooooonnio oo oo 1.8.2. Iterative, Point-update Segment Tree. ____?1::t::n(5j_ <l||]<7l) ________________________________
struct misof_tree { ------------- s ’
-~ ANt CNtIBITS][1<<BITS]; - - - ccmmmmmmome oo e e @LSE e
- misof_tree() { memset(cnt, 0, sizeof(cnt)); } -------------- B return 1->query(-i, _j) + r->query(-i, _j); ------------
- void insert(dnt X) { ---c-co-ooioio il - Ant xvals; ----o---o-cccccooooooooocicoconooooooooiaooon oo P od e
--- for (int i = 0; i < BITS; cnt[i++][x]++, x >>= 1); } ----- : segtt'“ee(v1 8ar, int n) { ----ooooooooiiieiiiiiooooieeee e
- void erase(int x) { ---------------ooiii oo this-en = i mommmmmosmsssossmosmos s 1.8.4. Array-based, Range-update Segment Tree -.
.- for (int i = 0; i < BITS; cnt[it+][x]--, X >>= 1); } ----- ---ovals = new dnt[2sn]; --oo-oooooosoooseosceooseeooeeoeee 0T
. . - for (int i = 0; 1 < nN; #4+L) ccccmmmmm e struct segtree {
- int Nth(int n) { ----cooooomommormmooo oo ValS[A4N] = AF[A]] - - cmcmmm oo - int n, xvals, #deltas; -----------cmmmmmm
s--dnt res = 0; s -- i . . . . - i 8ar) { -o oo oo __.
. . : . - for (int i = n-1; i > 0; --1) -ccmmmmmmm e segtree(vi &ar) {

oo for (dnt i = BITS-1; 1 >= 05 d--) -oooooooooomooooooooo vals[i] = vals[i<<1] + vals[i<<l|1]; } -----vrcmmmmmmmn- -c-n = ar.size(); ---ceeeiiiiisiiiii i
————— if (cnt[i][res <<= 1] <= n) n -= cnt[i][res], res |= 1; . Lo ’ o vals = new ANt[AFN] 5 oo
o FEEUPR PSS F 3 - - void update(int i, int v) { -----------oiiiiii va ; ;

' ' --- for (vals[i +=n] += v; i > 1; i >>= 1) -cccmmmmmooo --- deltas = new int[4#n]; ---------------oooiiioiioo o

T vals[i>>1] = vals[i] + vals[i®1]; } --------mmmmmmaaos --- build(ar, 1, 0, n-1); } ---------mmmmmmmmmo e
1.6. Mo’s Algorithm. - int queri(intll, int L)]{ _____F___!__% _____________________ - void build(vi &ar, int p, int i, int j) { ------------------
struct query { ------------iioooio Co ANt FES = B - ll_l__. --- deltas[p] = 0; ------mn e
- int id, 1, r; 11 hilbert_index; -----------co-omooooooooooon ~--for (L+=n, r+=n+l; L <r; U>>=1, r>>=1) { -------- ce- A (1 =mm J) e
- query(int id, int 1, int r) : id(id), W(1), r(r) { --------- _____ if (1&1) res += vals[l4+]; c-commommmmmcmcoceeeeen mmme vals[p] = @r[i]; --------mmmmmmmm e
--- hilbert_index = hilbert_order(l, r, LOGN, 0); } ---------- _____ if (Fr&1) res 4= vals[--r]; } ccecomemmmmmmaoaoas s @LSE { oo
- 11 hilbert_order(int x, int y, int pow, int rotate) { ------ Cos FEEUFN S5 } }: ool s int k= (1 4 J) / 25 ---cmmmm e
--- Af (pow == 0) return 0; ---------ccciiiciioaooooooooooooo build(ar, p<<l, 1, K)j --c--cmmmmmmmmmmmeiea e
—-- int hpow = 1 << (POW-1); ~----mmmmmmmm oo 1.8.3. Pointer-based, Range-update Segment Tree. build(ar, p<<l|l, K+1l, j)j -------mmmmmmmmmmmmmmmoon
--- int seg = ((x<hpow) ? ((y<hpow)?0:3) ((y<hpow)?1:2)); -- struct segtree { --------------omm o oo PULL(P); F } mmmm e
--- seg = (seg + rotate) & 3; -------c--oocoooiioioioooooooos - int i, j, val, temp_val = 0; -------- oo - void pull(int p) { vals[p] = vals[p<<l] + vals[p<<1|1]; } --
--- const int rotate_deltal[4] = {3, 0, 0, 1}; ---------------- - SeQtree #1, Kl - - e e - void push(int p, dint i, dint j) { -----------omm oo
--- int nx = x & (x ~ hpow), ny =y & (y ~ hpow); ------------ - segtree(vi &ar, int _i, int _j) : i(_i), j(j) { ----------- - if (deltas[pl) { -------cmm e
--- int nrot = (rotate + rotate_delta[seg]) & 3; ------------- R & 6 e B T R T vals[p] += (j - 1 + 1) * deltas[p]; --------------------
--- 11 sub_sqg_size = 11(1) << (2¥pOw - 2); ---------cmmmmmmann —oo-n val = arfi]; =--cccmmmmam i iieiiiiieies e AF (L 1= §) { c el
--- 1l ans = seg * sub_sq_size; ----------------------oo-oo oo T = F = NULL; m--mmmmmmmmmmm oo o deltas[p<<l] += deltas[pl; ----------c-cmmmmmmmmmmmm--
--- 11 add = hilbert_order(nx, ny, pow-1, nrot); ------------- memdelse { e eeeeeee e deltas[p<<1|1] += deltas[pl; } ----------mmmmmmoammm--
--- ans += (seg==1 || seg==2) ? add : (sub_sq_size-add-1); --- ----- int K = (1 4 J) 5> 1 --mmmmmmm e n o deltas[p] = 0; } } ----mmmmmm i
---oreturn ans; }oo--ccooiiiiioioiooiiiooiooiiiioo i e 1 = new segtree(ar, i, K); ---------mmmmmmmmaaaa - void update(int _i, int _j, int v, int p, int i, int j) { --
- bool operator<(const query& other) const { ----------------- oo r = new segtree(ar, k+l, j); ----cc-cccoiiiiaaaaoinn —e-push(p, i, J); ~--rrmm
--- return this->hilbert_index < other.hilbert_index; } }; --- ----- val = 1->val + r->val; } } ----cmmmmmm e e Af (L1 <= 188 J <= ) { e
std::vector<query> queries; ------------------o-oooooooooo - void visit() { -----ememe e s aaea deltas[p] += Vj ---mmmmmmmm e
for(const query &q : queries) { // [Ll,r] inclusive ---------- --- Af (temp_val) { -----mm . ool PUSh(p, i, J)j -----mmmmm ool
- for(; r>aq.r; r--) update(r, -1); ---------ooooiooo oooos val += (j-i+1) * temp_val; -----------mcommmiao oo Yelse if (L < i || j < —i) { --rmmmmmmm e
- for(r = r+l; r <= q.r; r++) update(r); --------------------- oo Af (1) { ccccmmmmm s e // do nOthing -----------ccoooomoo oo
B e T T 1->temp_val += temp_val; -----------------o - else { -
- for( 5 1< q.l; 1++) update(l, -1); --------mmmmmmios oo r->temp_val += temp_val; } --------ooooiiaa o oo int K = (L 4 §) / 25 --cmmmmmm e
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————— update(_i, _j, v, p<<1, i, k);
update(_i, _j, v, p<<l|1, k+1, j);
pull(p); } }
- int query(int _i, int _j, int p, int i, int j) {
--- push(p, i, j);
--- if (L1 <=1 and j <= _j)
return vals[p];
--- else if (_j <1 || j < _1)
return 0;
--- else {
int k = (1 +j) / 2;
return query(_i, _j, p<<l, i, K) + ----ccmmn
query(-i, _j, p<<1l|1, k+1, j); } } };

1.8.5. 2D Segment Tree.

struct segtree_2d {
- int n, m, *xar;
- segtree_2d(int n, int m) {
--- this->n = n; this->m = m;
--- ar = new int[n];
--- for (int 1 = 0; 1 < n;
ar[i] = new int[m];
for (int j 0; j <m;
ar[i]l[j] = 0; } }
- void update(int x, int y, int v) {
---ar[x + nlly + m] = v;
--- for (int i = x + n; 1> 0; 1i>=1) {
for (int j =y +m; j > 0; j >>=1) {
ar[i>>1]1[j]1 = min(ar[il1[j], ar[i~1]1[j]);
ar[il[j>>1] = min(ar[i][j], ar[il[j"~1])
- }}} // just call update one by one to build ----------------
- int query(int x1, int x2, int y1, int y2) {
--- int s = INF;
--- if(~x2) for(int a=x1+n,
if (a & 1) s = min(s,
if (b & 1) s = min(s,
--- } else for (int a=yl+m,
if (a & 1) s = min(s,
if (b & 1) s = min(s,
--- } return s; } };

a>>=1, b>>=1) { ---
yl, y2));
yl, y2));
a>>=1, b>>=1) { ---

b=x2+n+1; a<b;
query(a++, -1,
query(--b, -1,
b=y2+m+1; a<b;
ar[x1l][a++]);
ar[x1][--b]);

1.8.6. Persistent Segment Tree.

struct segtree {
- int i, j, val;
- segtree *1, x*r;
- segtree(vi &ar, int _i, int _j)
---if (1 ==1]) {
val = ar[i];
1 = r = NULL;

----- int k = (i+j) >> 1;
_____ 1 = new segtree(ar, i, k);
r = new segtree(ar, k+l, j);

val = 1->val + r->val;

-1}
- segtree(int i, int j, segtree 1, segtree xr, int val) : ---
--- i(i), j(3), Wy, r(r), val(val) {}

- segtreex update(int _i, int _val) {
--- if (_i <=1 and j <= _i)
return new segtree(i, j, 1, r, val + _val);
--- else if (_i < i or j < _1i)
return this;
--- else {
segtree *nl = l->update(_i, _val);
segtree *nr = r->update(_i, _val);
return new segtree(i, j, nl, nr, nl->val + nr->val); } }
- int query(int _i, int _j) {
--- if (L1 <=1 and j <= _j)

return val;
--- else if (_j < i or j < _i)
return 0;
B -] X - B
return 1->query(_i, _j) + r->query(_i, _j); } };

1.8.7. Persistent Lazy Segment Tree.

struct segtree {
- int i, j, v, delta;
- segtree k1, #r) ----oc oo
- segtree(int i, int j) : segtree(i, j, O, 0, NULL, NULL) {} -
- segtree(int i, int j, int v, int d, segtree 1, segtree xr)

--- 1 i(1), (i), v(v), delta(d), (1), r(r) {}
- segtree *apply_delta(int d) { --------------~-~“---co--
--- return new segtree(i, j, v, delta+d, 1,
- segtree xpush() {

---int k = (i+j)/2;
--- if (!1) 1 = new segtree(i, k);
--- if ('r) r = new segtree(k+l, j);
--- if (delta != 0) {
»»»»» v += (j-i+1) * delta;
if (1 '=73) {
»»»»»»» 1 = 1->apply_delta(delta);
r->apply_delta(delta); }
delta = 0; }
--- return this; }
- segtree *update(int _i, int _j, int _v) {
--- push();
--- if (L1 <=1 && j <= _j) return apply_delta(_v)->push(); --
--- else if (_j < i || j < _1) return this;
--- else {
segtree *_1 = l->update(_i, _j, _v);
segtree *_r = r->update(_i, _j, _v);
return new segtree(i, j, _l->v + _r->v, 0, _1, _r); } }
- int query(int _i, int _j) {
--- push();
--- if (L1 <=1 && j <= _j) return v;
--- else if (_j < i || j < _1) return 0;
--- else return l->query(_i, _j) + r->query(_i, _j); } };

'
'
'
'
'
'
'
-
]

1.9. Sparse Table.

1.9.1. 1D Sparse table.
int Ug[MAXN+1], spt[20][MAXNI];
void build(vi &arr, int n) {
- lg[0] = g[1] = 0;

- for (int i = 2; i <= n; ++1i) lg[i] = lg[i>>1] + 1; ---------
- for (int i = 0; i1 < n; ++i) spt[0]1[i] = arr[i]; ------------
- for (int j = 0; (2 << j) <= N; ++j) --rmmmmmmm
--- for (int i = 0; 1 + (2 << j) <= n; ++1) ----ommmmiaaoo-
----- spt[j+11[i] = std::min(spt[j1[i], sptljlli+(1<<j)1); } -
int query(int a, int b) { -
- int k = lg[b-a+1], ab = b - (l<<k) + 1; ----ccmmmmmmo-
- return std::min(spt[kl[al, sptl[kl[ab]); } ------------------
1.9.2. 2D Sparse Table .

const int N = 100, LGN = 20; -------cmmmmmmmm oo
int 1g[N], A[N][N], St[LGN][LGN][NIIN]; -----c-cmmmmmmmmmomnmn
void build(int n, dnt m) { --------mo oo

- for(int k=2; k<=std::max(n,m); ++k) lg[k] = 1g[k>>1]+1;
- for(int i = 0; 1 < n; ++1i)
--- for(int j = 0; j < m; ++j)
st[O1[01[11[j]1 = A[il[j];
- for(int bj = 0; (2 << bj) <= m; ++bj)
--- for(int j = 0; j + (2 << bj) <= m; ++j)
for(int i = 0; i < n; ++1i)
st[0]1[bj+11[1i]1[]] =
std::max(st[O][bjl1[i]1[j],
st[O01[bjI[i]1[j + (1 << bj)1);
- for(int bi = 0; (2 << bi) <= n; ++bi)
--- for(int 1 = 0; i + (2 << bi) <= n; ++i)
for(int j = 0; j < m; ++j)
st[bi+1][0]1[i][j] =
std::max(st[bil[0][i][j],
st[bi][0][i + (1 << bi)]I[jl);
- for(int bi = 0; (2 << bi) <= n; ++bi)
--- for(int 1 = 0; i + (2 << bi) <= n; ++i)
for(int bj = 0; (2 << bj) <= m; ++bj)
for(int j = 0; j + (2 << bj) <=m; ++j) {
int ik = i + (1 << bi);
int jk = j + (1 << bj);
st[bi+1][bj+1][i][]j] =
std::max(std::max(st[bil[bjl[i][j],
stlbi][bjl[ik][j]),
std::max(st[bil[bj1[i]1[]jk],
st[bi][bj][ik][jk])); } }
int query(int x1, int x2, int yl, int y2) {
- int kx = lg[x2 - x1 + 1], ky = lgly2 - yl1 + 11;
- int x12 = x2 - (l<<kx) + 1, y12 = y2 - (l<<ky) + 1;
- return std::max(std::max(st[kx][kyl[x1][yl],
stlkx1[kyl[x11[y12]),
std::max(st[kx][ky]l[x12]1[yl],
stlkx][ky]l[x12][y12])); }

1.10. ESJIENAMNETY.

1.11. Treap.

1.11.1. Implicit Treap.

struct cartree {
- typedef struct _Node {
--- int node_val, subtree_val, delta, prio, size;
--- _Node *1, =*r;
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--- _Node(int val) : node_val(val), subtree_val(val), -------- - int get(int key) { return get(root, key); } ---------------- 2. DynaMIiC PROGRAMMING
——————— delta(0), prio((rand()<<16)"rand()), size(1l), -------- - void insert(Node item, int key) { --------------cocoo--" .
------- VNULL), FNULL) £} o~ oo Node U, 3 e 2.1, Convex Hull Trick.
--- ~_Node() { delete 1; delete r; } ------------commmcooono- -~ split(root, key, 1, F)j =c-coemmmmmmmmmmome e o dpli] = min;<;{dp[j] + b[j] % a[i]}
=} aNOde; -l --- root = merge(merge(l, item), r); } -----c-cc-ce-ooooooo- o b[j] > blj +1]
- int get_subtree_val(Node v) { ---------mmmmmmm - void insert(int key, int val) { -----c-ccecmooiaoiooo e optionally a[i] < afi+ 1]
--- return v ? v->subtree_val : 0; } ------ceoooooooooo- --- insert(new _Node(val), key); } --------mmommmmom oo e O(n?) to O(n)
- inF get_size(Node v) { return v ? v->size : Q) } -------o--- - void erase(int Key) { ---c--cemmeo e 9.1.1. Dynamic Convex Hull.
- void apply_delta(Node v, int delta) { ---------------------- oo NOde L, M, I} oo oo mm e oo .
coo AF (1V) FetUMN; - - oo m e ——- split(root, Key + 1, M, F); --c-cmmmmmmmmmmmmmmme oo // USAGE: hull.insert_line(m, b); hul{-gety(x); --------------
coo v->delta += delta; - -l co= split(m, Key, 1, M); --cmoommmmm oo bool UPPER_HULL = true; // you can edit this -----------------
--- v->node_val += delta; -----------"““““““““““-ao- s delete M} oo s e bool IS,(.)UERY = false, SPECIAL = false; -------------------
--- v->subtree_val += delta * get_size(v); } ----------------- S root = merge(l, F); } ccc ool struct ine { -----------ooooooooooo oo
- void push_delta(Node V) { ----------mmmmmmi - int query(int a, int b) { --------oooio oo - 1l m, b; line(ll T=@, 1} b=0)5 m(m), bgb) {r -
coo A (IV) PERUPN; o e e el Co NOGE 1, P15 oo mo e iill_.. - mutable std::multiset<line>::iterator it; ------------------
--- apply_delta(v->1, v->delta); -----------c-c-cmommmemmo- s split(root, b+l, 11, FLl); -ccceemommmmmom oo - const line *see(std::multiset<line>::iterator it)const; ----
--- apply_delta(v->r, v->delta); -------------=-—=-—~-——=~-—~-—-- Co NOGE 12, P25 o lilll_.. bool operator < (const line& k) const { ------------ooonnno
—--v->delta = 0; } ----mmmmm e co- split(1L, @, 12, 12); —-ccmmmmmmm ool --- if (!IS_QUERY) return m < K.m; ------------mmmmmo e
- void update(Node V) { -=-----c-comcocomm oo S int res = get_subtree val(r2); ------c--ccooooooioooo. oo Af (USPECIAL) { ------oooooooooooo e
--- Af (V) return; ------mm ek - 1l =merge(l2, r2); -----mmmmm e 77T ..L.L x = k.m; const line *s = see(it); -------------------
--- v->subtree_val = get_subtree_val(v->1) + v->node_val ----- S root = merge(ll, Fl); —ccc-ooe e T if (!s) return 0; ----------coiiiiiiiiiiiiiiioiooo
—————————————————— + get_subtree_val(V->r); ------------=---= oo FELUFN F@S; } -= - m oo 77T return (b - s->b) < (Xx) * (s->m - m); ------------------
--- v->size = get_size(v->1) + 1 + get_size(v->r); } --------- - void update(int a, int b, int delta) { ---------------—-—-—-—--- ==} else { TTTTTTTTTTTTToToTToommTooooooooioooes
- Node merge(Node 1, Node ) { -----c-mmmmmmmmommmaaaaaaaoe Cos NOAE T, F1j oo e el TTTTT }1 y = k.m; const line *s = see(it); -------------------
--- push_delta(l); push_delta(r); --------------=-=-ommn- Co= split(root, b+l, 11, PL); —cocoomooooo i T if (!s) return ©; -------coocoiiiiiiiiiiiiiiiooo s
oo df (IU ] Ir) return U2 U i orj c-eeeomeeiiioioo Cos NOE 12, P25 el TTTTT nl=y-b, dl=m ---o-ororororrrororoee s
co- if (1->5ize <= r->51iz@) { ~---cmmmmmmm CossplAt(UL, @, 12, F2)5 e T }1 n2 =b - s->b, d2 = s->m - M} -------------ooooooooo-
----- 1->r = merge(l->r, r); -----coooooooaoaoaooooooooooooo oo apply_delta(r2, delta); ------c-mmmmmmmmmm oo TTTTT }f (d1 < 0) nl %= -1, dl *= -1; -----commmmmmmmaaaooo
----- update(l); ---- - - 11l =merge(l2, r2); ------rmmmmmmm oo ----- if (d2 < 0) N2 #= -1, d2 #= -1; c-cccciiiiiiiiioooooooo-
————— return 1; -----cmmmmmm i on --- root = merge(l]_, rl); } e e e e e e e oo return.(nl) * d2 > (n2) *.dl; }} boooeeee -
cee }elSe { s - int size() { return get_size(root); } }; ---------eomeoooon- struct dynamlc_hull : std::multiset<line> { ------------------
----- r->1 = merge(l, r->1); -----mmmmmmm e - bO?l bad(iterator y) { ----------------oii
..... UPAAte ()} - - - m o m el RAWAR Persistent Treap R --- %terator z :_next(y): R R L e
----- FEtUFN 1) } } - ommm oo mmmmm e . . coo Af (y == begin()) { -ooceeeoooooooiiee e
- void split(Node v, int key, Node &L, Node &r) { ------------ L.12. Union Find. if (z == end()) return 0; -----------------oooiiiooooon
oo PUSH_AELEA (V)] === mm el struct union_find { -------------om . - return y->m == z->m && y->b <= z->b; } -----------------
cee U= = NULL oo mmm e e e - vi p; union_find(int n) : p(n, -1) { } -------mmmma oo --- iterator X = prev(y); ---------meeoi oo
- i (lv) FEEUPN] <o oo m e e oo ool - int find(int x) { return p[x] < 0 ? x : p[x] = find(p[x]); } --- if (z == end()) return y->m == x->m && y->b <= x->b; -----
—-- if (key <= get_size(v->1)) { -----mmmmomm e - bool unite(int x, int y) { -----------mi --- return (x->b - y->b)*(z->m - y->m)>= ---------ooooo
----- split(v->1, key, 1, v->1); -ccocoecomoeooooooeooooooo--- dnt xp = find(x), yp = find(y); -----------omrommrommnnon ommmme e (y->b - z->b)*(y->m - X->M); } --ccccomoeaoo-
..... e if (xp == yp) return false; -------------ce--------. - iterator next(iterator y) {return ++y;} --------------------
s} @USE { s --- if (p[xp]l > plypl) std::swap(xp,yp); -------------------- - itgraﬁor prevfiterator y) {return --y;} ----------oiooo
----- split(v->r, key - get size(v->1) - 1, v->r, r); -------- ~-- PIxp] += plyp], plyp] = xp; return true; } --------------- - void insert_line(ll m, 11 b) { -------ooomomommmmmmoooooooos
----- U= V3 } commmmmmme e iiiiioooo_._._._. - int size(int x) { return -p[find(x)]; } }; ----------------- oo Ii-(()lIJE';:E;:iif)e 1
--- i ! LI R e
; Nogzdizﬁij)i_% ______________________________________________ 1.13. Unique Counter. --- iterator y = insert(line(m, b)); ----ccccmmmmmmaaa o
] o S struct UniqueCounter { ------------------------- --- y->it = y; if (bad(y)) {erase(y); return;} ---------------
- cartree() : root(NULL) {} -----ccmmmommomoomoo oo - in'_t *B; Std::ma}p<int, i|.1t> last; LeqCounter *leq_cnt; ------ --- while (next(y) '= end() && bad(next(y))) -----------------
- ~cartree() { delete rOOt; } ----c-c-mmmmmmmomoe oo - Un1queCounFer(1nt xar, int n) { // 0-index A[i] ------------ ----- ?rase(next(y)?; ----------------------------------------
- int get(Node v, int Key) { -~ ---c-omem oo --- B =new int[n+1]; ------ccciiiiiiiiii --- while (y != begin() && bad(prev(y))) ---------------------
o PUSP_AEUEA (V) - -l Tom BIOT = 05 cooooeoooeeee e e erase(prev(y)); } ----cccoiioiiioie i
--- if (key < get_size(v->1)) -----mmmmmm i --- for glnt i=1 l.<: n; ++1) { ---eeie e - 1L gety (LU X) { ----mmmmmm e
..... return get(v->1, Key); ---------ocmmemome T B[i] = lést[ar[ljlll; Soeeteeeoessoesoooeeooo-oooooo oo IS.QUERY = true; SPECIAL = false; -------mmmmmmemeaaa o
-~ else if (key > get size(v->1)) --cc-oooeomooooo . T lastlar[i-1]] = i; } ----rmmmmmmmimi s --- const line& L = +lower_bound(line(x, 0)); ----------------
----- return get(v.>r’ key - get_size(v—>1) B e L ": leq,cnt : new Lt.equunter(B, N+l); F -omme e --- 1 y = (L.m) * x +L.b; ------mmmmmmmii
v P - dnt count(int 1, dnt r) { ------ooiiiiiiiiiii <-- return UPPERLHULL ? y i -yj } =c-cecmmmommmmmoeoeoeaoes

--- return leg_cnt->count(l+1, r+1, 1); } }; -------cmmommnnn- LU getxX (Ll y) { -~ oo
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--- IS_QUERY = true; SPECIAL = true;
--- const line& 1 = xlower_bound(line(y, 0));
--- return /«floor+/ ((y - L.b + 1.m - 1) / 1.m); }
} hull;
const linex line::see(std::multiset<line>::iterator it) ------
const {return ++it == hull.end() ? NULL : &=it;}

2.1.2. Persistent LiChao Tree.

struct Line {
- 1l k, d;
- 11 eval(ll x) { return k = x + d; } };
struct LiChaoNode {
- Line line;
S L | i B o e
- LiChaoNode() : 1(0), r(0) {
--- line = Line({0, numeric_limits<long long>::max() / 2}); }
- LiChaoNode(Line line) : line(line), 1(0), r(0) {}
} 50 % N]; -ccccmcmmmmm i
int T;
int upd(int pre, Line nw, int 1, int r) {
-dintm=(L+r) / 2;
- int id = ++T;
- t[id].line = t[pre].line;
- bool lef = nw.eval(l) < t[id].line.eval(l);
- bool mid = nw.eval(m) < t[id].line.eval(m);
- if(mid) swap(t[id].line, nw);
- if(l == r) return id;
- if(lef !'= mid) {
--- if(!'t[pre].l) t[id].l = ++T,
--- else t[id].1l = upd(t[pre]l.l,
--- t[id].r = t[pre].r;
- } else {
--- if(!t[prel.r) tl[id].r = +4T,
--- else t[id].r = upd(t[prel.r,
--- t[id].l = t[prel.l; }
- return id; }
11 Query(int cur, int x, int 1, int r) {
- 11 val = t[cur].line.eval(x);
-intm=(L+r) / 2;
- if(L < r) {
--- if(x<=m && t[cur].l) val=min(val, Query(t[curl.l,x,1,m));

nw, 1, m);

nw, m+ 1, r);

--- if(x>m & t[cur].r) val=min(val, Query(t[cur].r,x,m+1,r)); } #define x real()

- return val; }
struct PersistentLiChaoTree {
- int L, R;
- vector<int> roots;
- PersistentLiChaoTree()

--- T =1; roots = {1}; }
- PersistentLiChaoTree(int L, int R)
--- T =1; roots.push_back(1); }
- void add_line(Line line) {
--- int root = upd(roots.back(), line, L, R);
--- roots.push_back(root); }

- 11 query(int i, int x) { return Query(roots[i], x, L, R); } }; - return cross(a, b) + cross(b, c) + cross(c, a); }

2.2. Divide and Conquer Optimization.
e dp[d][j] = ming<;{dp[i — 1][k] + C[K][j]}

o Afil[j] < A[i][5 + 1]

e O(kn?) to O(knlogn)

e sufficient: Cla](c]+Cb][d] < Cla][d]+C[b][c], a < b < ¢ < d(QI)
11 dp[G+1]1[N+1];

void solve dp(int g, int k_ L, int k R, int n_L, int n_R) { ---
- int n_M = (n_L+n_R)/2;

- dplgl[n_M] = INF; -------mmmmim e
-dnt best_k = -1; cemee e
- for (int k = k_.L; k <= n_M && k <= k. R; k#+) ------coomonnon
--- if (dp[g-1][k]l+cost(k+1,n_M) < dp[gl[n_-M]) { -------------
————— dplgl[n_M] = dp[g-1]1[k]+cost(k+1l,n_-M); -----------------
»»»»» best_k = K; } -----cmemei e
- Af (NLL <= nM-1) --cmmimi o
--- solve_dp(g, k_L, best_k, n_L, n_M-1); ----------m-m-m-----
= 1f (NLM+l <= NR) ----mmmim oo
--- solve_dp(g, best_k, kR, n_M+1, n_R); } ------------------

2.3. Knuth Optimization.

e dp[i](j] = min;<x<;{dp[il[k] + dp[k][j] + C[i][5]}

o Alillj — 1] < A] < Al + 141

e O(n?) to O(n?)

e sufficient: QI and C[b][c] < Cla][d], a <b<c<d
// opt[i][j] is the optimal split point between i and j ------
int dpINJINI, OptINJIN]; ------mmmmmm i
int cost(int i, int j) { /*...%/ } -
int knuth_dp_solve() { ----------mmmmmi
- for (int i = 0; 1 < Nj d4+) -----cmmmmmm i
--- dplil[i] = /*...%/, opt[i][i] = i; ----------mmmmmmaao-
- for (int i = N-2; i >=0; --1) ----ccmmmmmm i
--- for (int j = i+1; j < N; ++j) { -----cmmmmmim e
————— int mn = INF, ¢ = cost(i, j); -------------mmmiaao
----- for (int k=opt[i][j-11; k<=min(j-1,opt[i+1][j]1); ++k) {
——————— int cur = dp[il[k] + dp[k+1]1[j] + ¢; -----------------
------- if (cur < mn) mn = cur, opt[i]l[j] = Kk; } -------------
----- dp[il[j] =mn; } } -

3. GEOMETRY

#include <COMPlEX> --------mm oo
#define y imag() ------------- -
typedef std::complex<double> point; // 2D point only ---------
const double PI = acos(-1.0), EPS = le-7; ---------mmmommonan-

3.1. Dots and Cross Products.

double dot(point a, point b) { ---------mmm
- return a.x * b.x + a.y * b.y; } // + a.z * b.z; ------------
double cross(point a, point b) { -----------oooo
- return a.x * b.y - a.y *x b.X; } -------oiiii i
double cross(point a, point b, point ¢) { --------------------
double cross3D(point a, point b) { ------------c--oio
- return point(a.x*b.y - a.y*b.x, a.y*b.z - ----------oooo--
—————————————— a.zxb.y, a.ztb.x - a.x*b.z); } ----------------

3.2. Angles and Rotations.

double angle(point a, point b, point ¢) { --------------------
- // angle formed by abc in radians: PI < x <= PI
- return abs(remainder(arg(a-b) - arg(c-b), 2xPI)); }
point rotate(point p, point a, double d) {
- //rotate point a about pivot p CCW at d radians

- return p + (a - p) * point(cos(d), sin(d)); }

3.3. Spherical Coordinates.

x = rcosfcos ¢
Yy = r cosfsin ¢
z=rsinf

r = /22 +y2 +ZQ
6=cos la/r
¢ = atan2(y, )

3.4. Point Projection.

point proj(point p, point v) {
- // project point p onto a vector v (2D & 3D)
- return dot(p, v) / norm(v) * v; }
point projLine(point p, point a, point b) {
- // project point p onto line ab (2D & 3D)
- return a + dot(p-a, b-a) / norm(b-a) * (b-a); }
point projSeg(point p, point a, point b) {
- // project point p onto segment ab (2D & 3D)
- double s = dot(p-a, b-a) / norm(b-a);
- return a + min(1.0, max(0.0, s)) * (b-a); }
point projPlane(point p, double a, double b,

double c, double d) {
- // project p onto plane ax+by+cz+d=0 (3D)
- // same as: o + p - project(p - o, n);
- double k = -d / (axa + bxb + cxc);

- point o(axk, bxk, cxk), n(a, b, c);
- point v(p.x-0.Xx, p.y-0.y, p.z-0.2z);
- double s = dot(v, n) / dot(n, n);
- return point(o.x + p.x + s * n.x, 0.y +
p.y +S * n.y, 0.z + p.zZ + S * n.z); }

3.5. Great Circle Distance.

double greatCircleDist(double latl, double longl,
--- double lat2, double long2, double R) {
- longl *= PI / 180; latl %= PI / 180; // to radians
- long2 *= PI / 180; lat2 *= PI / 180;
- return Rxacos(sin(latl)+*sin(lat2) +
cos(latl)*cos(lat2)+cos(abs(longl - long2))); }
// another version, using actual (x, y, z)
double greatCircleDist(point a, point b) {
- return atan2(abs(cross3D(a, b)), dot3D(a,

b));

3.6. Point/Line/Plane Distances.

double distPtLine(point p, double a, double b, double c) { ---
- // dist from point p to line ax+by+c=0
- return abs(a*p.x + bxp.y + c) / sqrt(axa + bxb);}
double distPtLine(point p, point a, point b) {
- // dist from point p to line ab
- return abs((a.y - b.y) * (p.x - a.x) +
(b.x - a.x) = (p.y - a.y)) /
hypot(a.x - b.x, a.y - b.y);}
double distPtPlane(point p, double a, double b,
double c, double d) {
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- // distance to 3D plane ax + by + cz + d =0
- return (a*xp.x+b*p.y+c*p.z+d)/sqrt(a*xa+b*xb+cxc); }
/*! // distance between 3D lines AB & CD (untested)
double distLine3D(point A,point B,point C,point D){
- pointu=B-A, v=D-CC w=A-C;
- double = dot(u, u), b dot(u, v);
- double = dot(v, v), d = dot(u, w);
- double dot(v, w), det = axc - bxb;
- double = det < EPS ? 0.0 : (bxe - cxd) / det;
- double t = det < EPS -----mmmmm e
--- ?2 (b c ?2d/b : e/c) // parallel
(axe - bxd) / det;
- point top = A +u * s,
- return dist(top, bot);
} // dist<EPS: intersection */

V +~un o 0 Q
Il

3.7. Intersections.

3.7.1. Line-Segment Intersection. Get intersection points of 2D
lines/segments ab and cd.

point null(HUGE_VAL, HUGE_VAL); -----------mmmmmimiaaao e
point line_inter(point a, point b, point ¢, ------------------
———————————————— point d, bool seg = false) { ----------------
- point ab(b.x - a.x, b.y - @.y); ---------ioi i
- point cd(d.x - C€.x, d.y - C.Y); ------mmmi i
- point ac(c.X - @.X, C.y - @.Y); --------m-mmmeooooo
- double D = -cross(ab, cd); // determinant ------------------
- double Ds = cross(cd, acC); ---------------------o
- double Dt = cross(ab, ac); ---------------"------------------
- if (abs(D) < EPS) { // parallel ---------mmmmmmmmaia o
--- if (seg && abs(Ds) < EPS) { // collinear -----------------
————— point p[] = {a, b, ¢, d}; -----------
————— sort(p, p + 4, [I(point a, point b) { ------------------
——————— return a.Xx < b.X-EPS || --------mmmiiii i
—————————————— (dist(a,b) < EPS && a.y < b.y-EPS); }); -------
————— return dist(p[1], p[2]) < EPS ? p[1l] : null; } ---------
---return null; } -----mmm e
- double s =Ds / D, t =Dt / D; -----cmmmmmmmi i
- if (seg & (min(s,t)<-EPS||max(s,t)>1+EPS)) return null; ---
- return point(a.x + s * ab.x, a.y + s x ab.y); } ------------
/* double A = cross(d-a, b-a), B = cross(c-a, b-a); ----------
return (Bxd - AxC)/(B - A); */ =-----mmmm e

3.7.2. Circle-Line Intersection. Get intersection points of circle at center
¢, radius r, and line ab.

std::vector<point> CL_inter(point c, double r,
--- point a, point b) {
- point p = projLine(c, a, b);
- double d = abs(c - p); vector<point> ans;
- if (d > r + EPS); // none
- else if (d > r - EPS) ans.push_back(p); // tangent
- else if (d < EPS) { // diameter

- point v=rx* (b - a) / abs(b - a);
--- ans.push_back(c + v);
--- ans.push_back(c - v);
else {
--- double t = acos(d / r);

ssep=cH+(p-c)xr/d; -cmeecmerene e
--- ans.push_back(rotate(c, p, t)); --------------------------
--- ans.push_back(rotate(c, p, -t)); -------------------------
- }return ans; } ------eiemioie e
3.7.3. Circle-Circle Intersection.

std::vector<point> CC_intersection(point cl, -----------------
--- double rl1, point c2, double r2) { --------------omu-
- double d = dist(cl, €2); --------------------oooo oo
- vector<point> ans; ----------oiii
- Af (d S EPS) { ----rmmm e
--- if (abs(rl-r2) < EPS); // inf intersections --------------
- }Yelse if (rl < EPS) { ------mmmmmmmmm i
--- if (abs(d - r2) < EPS) ans.push_back(cl); ----------------
mlelse { -----eieimi it e e
--- double s = (rlxrl + d*d - r2xr2) / (2*rlsd); -------------
--- double t = acos(max(-1.0, min(1.0, s))); -----------------
--- point mid = cl + (c2 - cl) * rl / d; ------------mooo-
--- ans.push_back(rotate(cl, mid, t)); -----------------------
--- if (abs(sin(t)) >= EPS) -------cmmm
»»»»» ans.push_back(rotate(c2, mid, -t)); --------------------
- Yreturn ans; } o------oo o

3.8. Areas.

3.8.1. Polygon Area. Find the area of any 2D polygon given as points in
O(n).

double area(point p[], int n) {
- double a = 0;
- for (int i =0, j=n-1; i<n; j=1
--- a += cross(pl[il, pl[jl);
- return abs(a) / 2; }

3.8.2. Triangle Area. Find the area of a triangle using only their lengths.
Lengths must be valid.

double area(double a, double b, double c) {
- double s = (a + b +c) / 2;
- return sqrt(s*(s-a)*(s-b)*x(s-c)); }

3.8.3. Cyclic Quadrilateral Area. Find the area of a cyclic quadrilateral
using only their lengths. A quadrilateral is cyclic if its inner angles sum
up to 360°.

double area(double a, double b, double c, double d) { --------
- double s = (a+b+c+d) /2 -------mmmmmm -
- return sqrt((s-a)*(s-b)*(s-c)*(s-d)); } --------------------

3.9. Polygon Centroid. Get the centroid/center of mass of a polygon
in O(m).

point centroid(point p[], int n) {
- point ans(0, 0);
- double z = 0;
- for (int i =0, j=n-1; i<n; j=1i++) {
--- double cp = cross(p[jl, plil);
---ans += (p[j] + pl[il) * cp;
--- Z += Cp;
-} return ans / (3 * z); }

3.10. Convex Hull.

3.10.1. 2D Convex Hull. Get the convex hull of a set of points using
Graham-Andrew’s scan. This sorts the points at O(nlogn), then per-
forms the Monotonic Chain Algorithm at O(n).

// counterclockwise hull in p[], returns size of hull
bool xcmp(const point& a, const point& b) {
- return a.x < b.x || (a.x == b.x & a.y < b.y); }
int convex_hull(point p[], int n) {
- std::sort(p, p + n, xcmp); if (n <= 1) return n;
- int k = 0; point *h = new point[2 * n];
- double zer = EPS; // -EPS to include collinears
- for (int i = 0; i < n; h[k++] = p[i++])
--- while (k >= 2 && cross(h[k-2],h[k-1],p[i]) < zer)
_______ K;

- for(int i = n-2, t = k; i >= 0; h[k++] = p[i--])
--- while (k > t && cross(h[k-2],h[k-11,p[i]) < zer)
_______ K;

-k -= 1+ (h[0].x==h[1].x&&h[0].y==h[1].y ? 1 :
- copy(h, h + k, p); delete[] h; return k; }

3.10.2. 8D Convezr Hull. Currently O(N?), but can be optimized to a
randomized O(N log N) using the Clarkson-Shor algorithm. Sauce: Effi-
cient 3D Convex Hull Tutorial on CF.

typedef std::vector<bool> vb;
struct point3D {
= LU X, ¥, Zj =cmcmmemecmcme e eeeee e
- point3D(1l x =0, 1Ly =0, 11 z =0) : x(x), yly), z(z) {}
- point3D operator-(const point3D &o) const {
--- return point3D(x - 0.x, y - 0.y, z - 0.2); }
- point3D cross(const point3D &o) const {
--- return point3D(y*0.z-z*0.y, Z*0.X-X*0.Z, X*0.Yy-Yy*0.X); } -
- 11 dot(const point3D &o) const {
--- return x*0.x + y*0.y + z¥0.z; }
- bool operator==(const point3D &o) const {
--- return std::tie(x, y, z) == std::tie(o.x, 0.y, 0.2); }
- bool operator<(const point3D &o) const {
--- return std::tie(x, y, z) < std::tie(o.x, 0.y, 0.2); } }; -
struct face {

- std::vector<int> p_idx; -----------iiiiii o
- point3D g; }; cc-eeeeieemeee e
std: :vector<face> convex_hull_3D(std::vector<point3D> &points) {
- int n = points.size(); -----c-cee i
- std::vector<face> faces; -----------------~------------------
- std::vector<vb> dead(points.size(), vb(points.size(), true));
- auto add_face = [&](int a, int b, int c) { -----------------
--- faces.push_back({{a, b, ¢}, ---------------
----- (points[b] - points[a]).cross(points[c] - points[al)});
--- dead[a][b] = dead[b][c] = dead[c][a] = false; }; ---------
- add_face(0, 1, 2); -----------mmmmm e
- add_face(0, 2, 1); -------cmmmmm e
- for (int i =3; i <n; ++1i) { ---------mm
--- std::vector<face> faces_inv; --------------------oo--
--- for(face &f : faces) { --------------"-----------o
————— if ((points[i] - points[f.p_idx[0]]).dot(f.q) > Q) -----
——————— for (int j = 0; j < 3; ++j) ------mmmmmmm o
————————— dead[f.p_idx[j]][f.p_idx[(j+1)%3]] = true; ---------
————— else --------ie
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faces_inv.push_back(f); }
--- faces.clear();
--- for(face &f : faces_inv) {
for (int j = 0; j < 3; ++j) {
int a = f.p_idx[j], b = f.p_idx[(j + 1) % 31;
if(dead[b][al)
add_face(b, a,
--- faces.insert(
faces.end(), faces_inv.begin(), faces_inv.end()); }
- return faces; }

i);

3.10.3. Line upper/lower envelope. To find the upper/lower envelope of
a collection of lines a; +b;z, plot the points (b;, a;), add the point (0, £00)
(depending on if upper/lower envelope is desired), and then find the con-
vex hull.

3.11.
(x,y, 22 +y?), find the 3d convex hull, and drop the 3rd dimension.

Delaunay Triangulation . Simply map each point (z,y) to

3.12. Point in Polygon. Check if a point is strictly inside (or on the
border) of a polygon in O(n).

bool inPolygon(point g, point p[], int n) {
- bool in = false;
- for (int i =0, j=n-1; i<n; j=1i++)
--- in 7= (((p[il.y > q.y) !'= (plil.y > q.y)) &&
g.x < (pljl.x - plil.x) * (q.y - p[il.y) /
(plil.y - plil.y) + plil.x);
- return in; }
bool onPolygon(point g, point p[], int n) {

- for (int i =0, j=n-1; i<n; j=1i++)
- if (abs(dist(p[il, q) + dist(p[jl,
dist(p[i], p[jl)) < EPS)
--- return true;

- return false; }

3.13. Cut Polygon by a Line. Cut polygon by line ab to its left in
O(n), such that Zabp is counter-clockwise.

vector<point> cut(point p[],int n,point a,point b) {
- vector<point> poly;

-for (int i =0, j=n-1;i<n; j=d++) { ---------------
--- double cl1 = cross(a, b, p[jl); ------------mmmmmaa
--- double c2 = cross(a, b, p[i]l); -----------"--"-----"---------
--- if (cl > -EPS) poly.push_back(p[j]); ---------------------
- Af (€l % €2 < -EPS) --c-cmee i
————— poly.push_back(line_inter(p[j], p[i], a, b)); ----------
-} return poly; } -----c-ciiiii e

3.14. Triangle Centers.

point bary(point A, point B, point C,
double a, double b, double c) {

- return (Axa + Bxb + Cxc) / (a + b + c); }
point trilinear(point A, point B, point C,

double a, double b, double c) {
- return bary(A,B,C,abs(B-C)+*a,
abs(C-A)*b,abs(A-B)x*c); }
point centroid(point A, point B, point C) {
- return bary(A, B, C, 1, 1, 1); }
point circumcenter(point A, point B, point C) {

- double a=norm(B-C), b=norm(C-A), c=norm(A-B);
- return bary(A,B,C,ax(b+c-a),b*(c+a-b),cx(a+b-c)); }
point orthocenter(point A, point B, point C) {
- return bary(A,B,C, tan(angle(B,A,C)),
tan(angle(A,B,C)), tan(angle(A,C,B))); }
point incenter(point A, point B, point C) {
- return bary(A,B,C,abs(B-C),abs(A-C),abs(A-B)); }
// incircle radius given the side lengths a, b, c

double inradius(double a, double b, double c) {
- double s = (a + b +c) / 2;
- return sqrt(s = (s-a) * (s-b) * (s-c)) / s; }
point excenter(point A, point B, point C) {
- double a = abs(B-C), b = abs(C-A), c = abs(A-B);
- return bary(A, B, C, -a, b, ¢); } ------i o

- // return bary(A, B, C, a, -b, C); --------mmmmmm e
- // return bary(A, B, C, a, b, -C); ---------cmmmmee oo
point brocard(point A, point B, point C) { -------------------
- double a = abs(B-C), b = abs(C-A), ¢ = abs(A-B); -----------

- return bary(A,B,C,c/b*a,a/cxb,b/axc); // CCW
- // return bary(A,B,C,b/cxa,c/axb,a/bxc); // CW }
point symmedian(point A, point B, point C) {
- return bary(A,B,C,norm(B-C),norm(C-A),norm(A-B)); }

3.15. Convex Polygon Intersection. Get the intersection of two con-
vex polygons in O(n?).

std::vector<point> convex_polygon_inter( ---------------------
--- point a[l], int an, point b[], int bn) {
- point ans[an + bn + anxbn];
- int size = @) - e
- for (int i = 0; 1 < an; ++i)
--- if (inPolygon(a[il,b,bn) || onPolygon(a[il,b,bn))
ans[size++] = @[i]; -------c-mmmmm e
- for (int i = 0; i < bn; ++i)
--- if (inPolygon(b[il,a,an) || onPolygon(b[i],a,an))
ans[size++] = b[i]; ---------------"“"-“---m -
- for (int i =0, I =an - 1; i<an; I =
--- for (int j =0, J =bn - 1; j <bn; J
try {
point p=line_inter(a[il,al[Il,b[j],b[J],true);
ans[size++] = p;
} catch (exception ex) {} }
- size = convex_hull(ans, size);
- return vector<point>(ans, ans + size); }

3.16. Pick’s Theorem for Lattice Points. Count points with integer
coordinates inside and on the boundary of a polygon in O(n) using Pick’s
theorem: Area =1+ B/2— 1.

int interior(point p[], int n) {
- return area(p,n) - boundary(p,n) / 2 + 1; }
int boundary(point p[], int n) {
- int ans = 0;
- for (int 1 =0, j=n-1; i<n; j=1i++)
--- ans += gcd(p[i].x - p[jl.x, plil.y - pljl.y);
- return ans; }

3.17. Minimum Enclosing Circle. Get the minimum bounding ball
that encloses a set of points (2D or 3D) in On.

std::pair<point, double> bounding_ball(point p[], int n){
- std::random_shuffle(p, p + n);
- point center(0, 0); double radius = 0;
- for (int i = 0; i < n; ++i) {
--- if (dist(center, p[i]l) > radius + EPS) {
center = p[i]; radius = 0;

for (int j = 0; j < i; ++j)
if (dist(center, p[j]) > radius + EPS) {
center.x = (p[il.x + p[jl.x) / 2;
center.y = (plil.y + plil.y) / 2;
// center.z = (p[i].z + pl[jl.z) / 2;
radius = dist(center, p[il); // midpoint
for (int k = 0; k < j; ++k)
if (dist(center, p[k]) > radius + EPS) {
center = circumcenter(p[il, p[jl, plkl);
radius = dist(center, p[i]l); } } } }
radius}; }

- return {center,

3.18. Shamos Algorithm. Solve for the polygon diameter in O(nlogn).

double shamos(point p[], int n) {
- point *h = new point[n+1]; copy(p, p + n, h);
- int k = convex_hull(h, n); if (k <= 2) return 0;
- h[k] = h[0]; double d = HUGE_VAL;
- for (int i =0, j =1; 1 < k; ++1) {
--- while (distPtLine(h[j+1], h[i], h[i+1]) >=
distPtLine(h[j], h[i], h[i+1])) {
=0 +1)%Kk;}
--- d = min(d, distPtLine(h[j], h[i]l, h[i+1]));
-} return d; }

3.19. kD Tree. Get the k-nearest neighbors of a point within pruned
radius in O(klog klogn).
#define cpoint const point&
bool cmpx(cpoint a, cpoint b) {return a.x < b.x;}
bool cmpy(cpoint a, cpoint b) {return a.y < b.y;}
struct KDTree {
- KDTree(point p[],int n): p(p), n(n) {build(0,n);}
- priority_queue< pair<double, point*> > pq;
- point *p; int n, k; double gx, qy, prune;
- void build(int L, int R, bool dvx=false) {
--- if (L >= R) return;
---int M = (L + R) / 2;
--- nth_element(p + L, p + M, p + R, dvx?cmpx:cmpy);
--- build(L, M, !dvx); build(M + 1, R, !dvx); }
- void dfs(int L, int R, bool dvx) { -------------cmo

--- if (L >=R) return; ----------comi i
s--dnt M= (L +R) / 25 -mmm e
--- double dx = gx - p[M].x, dy = qy - p[M]l.y; ---------------

double delta = dvx ? dx : dy;
double D = dx * dx + dy * dy;
if (D<=prune && (pg.size()<k||D<pq.top().first)) {
pq.push(make_pair(D, &p[M]));

if (pg.size() > k) pg.pop(); }
int nL=L, nBR=M, fL=M + 1, fR = R;
if (delta > 0) {swap(nL, fL); swap(nR, fR);}
dfs(nL, nR, !'dvx);
--- D = delta * delta;
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--- if (D<=prune && (pq.size()<k||D<pq.top().first)) --------- 4. GRAPHS - bool has_negative_cycle = false; -------------------------
--- dfs(fL, fR, 'dvX); } -----mmmmm i . - std::queue<int> q; q.push(S); ------------cmoi o
- // returns k nearest neighbors of (x, y) in tree ----------- 4.1. Single-Source Shortest Paths. - while (not g.empty()) { ---------mmmmm
- // usage: vector<point> ans = tree.knn(x, y, 2); ----------- 4.1.1. Dijkstra. ---int u = g.front(); q.pop(); din_queuef[u] = 0; -----------
- vector<point> knn(double x, double y, ---------------------- #include "graph_template_adjlist.Cpp" -----------m=-m-mmmemmm- --- Af (+#+num_vis[u] >=n) -cc--ieie i
------------------- int k=1, double r=-1) { ------------------ // jpsert inside graph; needs n, dist[], and adj[] ----------- ----- dist[u] = -INF, has_negative cycle = true; -------------
--- gx=x; qy=y; this->k=k; prune=r<0?HUGE_VAL:r*r; ----------- void dijKstra(int §) { ---c--mmmmmmom oo --- for (auto &[v, c] : adjlul) -----------mmme
--- dfs(0, n, false); vector<point> v; -------------ooooooooon S for (ANt U = 0 U < N3 #HU) s mmmm el e if (dist[v] > dist[u]l + ¢) { ------------mm o
--- while (!pg.empty()) { ------------ s dESEIUT = INF} oo ool e dist[v] = dist[u]l + ¢; ------------moe o
————— v.push_back(*pg.top().second); --------------coiocooioe G [§] = B - e e mme e =m----- if (lin_queue[v]) { ----ceiiiiiiiieiiiiiii
""" PA.POP(); -----------sosoooso-o-o-ooooooooo---o-o------- L otd:ipriority_queue<ii, vii, std::greater<ii> > pq; -------- " - 00 QuPUSh(V); ----oooooiioioii i
--- } reverse(v.begin(), v.end()); ---------coiiiiiiiiaionns = PA.PUSH ({0, S})} --cmmm el memeees in_queuve[v] = 1; } } } ------iiiiiiiiiiiiii i
se-oreturn v} } cecei e - while (!pg.empty()) { ------mmmmmmmmm e - return has_negative_cycle; } ---------cmmmmiiiiiii o
3.20. Line Sweep (Closest Pair). Get the closest pair distance of a =~ ]_'nt u = pq.top() -S?C"”d? """"""""""""""""""""" .
set of points in O(nlogn) by sweeping a line and keeping a bounded rec- =~ int d = pg.top().first; ---------ccooooooooiiieeee oo oo 4.2. All-Pairs Shortest Paths.
tangle. Modifiable for other metrics such as Minkowski and Manhattan =~ '?q-p°?()? '''''''''''''''''''''''''''''''''''' 4.2.1. Floyd-Washall
distance. For external point queries, see kD Tree. --- if (dl?t[u] S d) s o oya- Frashatt. .
bool cmpy(const point& a, const point& b) { return a.y < b.y; } .contlnge,' ______________________________________________ #1n§lude "graph,template,ad]mat.cpp" """""""""""""
double closest_pair_sweep(point pl1, int n) { -------o-oo-o" R L e // insert inside graph; needs n and mat[J[] ------------------
. - ) --- for (auto &e : adjful) { ----------------- void floyd_warshall() { ---------------cmmmmm oo
- if (n <= 1) return HUGE_VAL; ----------------------- - . _ . .
.. e int v = e.first; ----------ooooooooooioioioioiooooooo oo - for (int k = 0; K < nj #+K) c---socoioiiiiiii
- stdiisort(p, p o+ M, CMPY); ----cooooooeoooooeoooiiioooooos int w = e.second; --------m oo oo - for (Ant 1 = 0; 1 < Nj 441) -cccmmm e
- std::set<point> box; box.insert(p[0]1); ------------ooooooooe if (dist[v] > di;t[u] S for (int j ='@. j <'n' #4]) ool
- double best = 1lel3; // infinity, but not HUGE_VAL ---------- . . i . 4 ! . .
; _ L i £ e dist[v] = dist[u] + w; ---------oocmiomie e if (mat[i][k] + mat[kI[j] < mat[i][j]) ---------------
- for (dnt 1 =0, 1=1;d<n;4Hd) { --ooooooooooeeee pg.push({distlvl, v}); } } } } -oooommmmi mat[i1[j] = mat[i1[k] + mat[k][j1; } ---------------
--- while(L < i && p[il.y - pI[L]l.y > best) ---------cemoot ! ! '
_____ t.)ox.erase(p[I._++]), _"""_:_____""":"""""""" 4'.1'2. Bellman-Ford. o 4.3. Strongly Connected Components.
--- point bound(p[i].x - best, p[i].y - best); --------------- #include "graph_template_adjlist.cpp" ----------=-----==-—----
--- std::set<point>::iterator it = box.lower_bound(bound); --- // insert inside graph; needs n, dist[], and adj[] ----------- 43.1. Kosaraiu
--- while (it !'= box.end() && p[i].x+best >= it->x){ --------- void bellman_ford(int S) { -----cccmmmmmmmmmoo oo e -
----- double dx = p[i].X - it->X; ----=----=--c-c-cecooooooo L for (dnt U = 03 U < N} 44U) -------cc-c-eoeoeoooo_._._.. Struct kosaraju_graph { ----------c-cooocoooioiiiiiiiiooon
————— double dy = p[il.y - it->y; ~-------mmoooooeooooo L it U] = INF; - - cm e ARt R, RVES; e
————— best = std::min(best, std::sqrt(dxsdx + dy*dy)); ------- _ GiSt[§] = 0; - -ccmmmmmm e - VI RHAA] e
----- I} e iiiiiiiiio L fop (ANt i o= 03 i < N-1; 441) cecce-mccmmmcaeocaeoooooo.. - Stdiivectorsvi> SCCs; --------ocooooooooooooooooooooooooos
--- box.insert(p[i]); --------mmm e Co FOr (ANt U = 0; U < Nj 44U) - m o mm e - kosaraju_graph(int n) { -------------ooiioiioioooos
-} return best; } oc--oo-ocoooooioooiiiioooiiiooooiiiooooos for (auto e : adj[u]) --------cooooeee oo --- this->n = r'”ti_i ------------------------------------
_ _ . s e if (dist[u] + e.second < dist[e.first]) -------------- e
3é2(31'0r£0rmulas' Let a = (az,ay) and b = (bz,by) be two-dimensional "~ ~ dist[e.first] = dist[u] + e.second; } -------------- --- adj :.new Yl*[Z]; TTTTTTToTooeoosiossioosoooooooeioos
. // you can call this after running bellman_ford() ------------ --- for (int dir = 0; dir < 2; ++dir) --------ooooooooooooo oo
® a-b=la||b| cos O, where 0 is the angle between a and b. BOOL has_Neq. Cycle() { - - oo mm oo e adj[dir] = new vi[n]; } ------ooommmo
e a xb=|al|b|sinf, where 6 is the signed angle between a and b. (i;t U=0:u<n: FU) - void add_edge(int u, int v) { --c----coooioooioos
e a x b is equal to the area of the parallelogram with two of its for (auto &e': adj [l'J]) ___________________________________ <=~ adj[0][u].push_back(V); --------mmmmmmmmma e
sides formed by a and b. Half of that is the area of the triangle »»»»» if (dist[e.first] > dist[u] + e.second) ------------=--- --- ad] [11[v] .push,back(u); } --------------------------------
formed by ¢ and. FEEUIN £FU; ~ - - - oo - void dfs(int u, int p, int dir, vi &topo) { ----------------
e The line going through a and bis Axz+By = C where A = by —a,, FEEUPN FALS@; } - oo m oo e m e e c s WASTU] = 1 s
B =az — bz, C = Aaz + Bay. —-- for (int v : adj[dir][u]) ----c---mmm oo
e Two lines A1z + B1y = C1, Asx + Boy = Co are parallel iff. 4.1.3. Shortest Path Faster Algorithm. . if (lvis[v] && v != p) dfs(v, u, dir, topo); -----------
D = A1 By — A2By is zero. Otherwise their unique intersection #include "graph_template_adjlist.cpp" ------ccmmmmmmmmmmmmmoo- --- topo.push_back(u); } =------cmmmmo i
is (B2C1 — B1C2, A1C2 — A2C1)/D. // insert inside graph; ----------c oo - void kosaraju() { ------cmmmm e
e Euler’s formula: V - E+ F =2 // needs n, dist[], in_queue[], num_vis[], and adj[] --------- cee VA HOPO; m e
e Side lengths a,b,c can form a triangle iff. a +b > ¢, b+c¢ > a bool spfa(int §) { ---------mommm -~ for (int u = 0; U < n; ++u) Vis[u] = 0; --c-e-mooaaoo
and a+c>b. - for (dint u = 0; U <Ny FHU) { e --- for (int u = 0; u < n; ++u) if(!vis[u]) dfs(u, -1, @, topo);
e Sum of internal angles of a regular convex n-gon is (n — 2)m. coo diStU]l = INF; - oo oo e el --- for (int u = 0; u < n; ++u) vis[u] = 03 --ccc--ooooooooo
e Law of sines: % = b= < o AN_QUEUELU] = 0 - s for (Ant io=n-1p s 0 cod) { ceeeemee e
e Law of cosines: b = a2 + ¢? — 2accos B S NUM_VAS[U] = 0] } - oo e o o if (IVis[topo[i]]) { --------mmmmm e
e Internal tangents of circles (c1,71), (c2,72) intersect at (cire + - distls] = 0; -------mmmmmm oo oo sces.push_back({}); ----------mmm
car1)/(r1 + r2), external intersect at (cira — car1)/(r1 + 72). - dAn_queue[s] = 1; -----oemme el oo dfs(topo[i]l, -1, 1, sccs.back()); } 3} } }; -----------
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4.3.2. Tarjan’s Offline Algorithm .

int n, id[N], lTow[N], st[N], in[N], TOP, ID;
int scc[N], SCC_SIZE; // 0 <= scc[u] < SCC_SIZE
vector<int> adj[N]; // 0-based adjlist
void dfs(int u) {
- id[u] = low[u] = ID++;
- st[TOP++] = u; in[u] = 1;
- for (int v : adjlul) {
--- if (id[v] == -1) {
dfS(V) ) ~--mmmm
low[u] = min(low[u], low[Vv]);
--- } else if (in[v] == 1)
low[u] = min(low[u], id[v]); }
- if (id[u] == low[u]) {
--- int sid = SCC_SIZE++;
st[--TOP];
in[v] = 0; scc[v] = sid;
--- } while (st[TOP] !'= u); }}
void tarjan() { // call tarjan() to load SCC
- memset(id, -1, sizeof(int) * n);
- SCC_SIZE = ID = TOP = 0;
- for (int i = 0; 1 < n; ++1i)
--- if (id[i] -1) dfs(i); }

4.4. Minimum Mean Weight Cycle .
connected component

typedef std::vector<double> vd;
double min_mean_cycle(graph &g) {
- double mn = INF;
- std::vector<vd> dp(g.n+1, vd(g.n, mn));
- dp[o]l[e] = 0;
- for (int k = 1; k <= g.n; ++k)

--- for (int u = 0; u < g.n; ++u)
for (auto &[v, wl: g.adj[ul)
dpl[k][v] = std::min(ar[k][v], dp[k-11[u]l + w);
- for (int k = 0; k < g.n; ++k) {
--- double mx = -INF;
--- for (int u = 0; u < g.n; ++u)
mx = std::max(mx, (dp[g.n]l[u]l - dp[k][u]) / (g.n - k));

---mn = std::min(mn, mMX); } c-cc-cc----i oo
- return mn;  } - iaiaaao s

Run this

4.5. Biconnected Components.

4.5.1. Bridges and Articulation Points.
struct graph {
- int n, =disc, *low, TIME;
- vi *adj, stk, articulation_points;
- std::set<ii> bridges;
- vvi comps;
- graph (int n)
R adJ =

:n(n) {
new vi[n];
--- disc = new int[n];

--- low = new int[n]; }
- void add_edge(int u, int v) {
--- adj[u].push_back(v);

--- adj[v].pus

- void _bridges_artics(int u, int p) {
disc[u] = low[u] = TIME++;

stk.push_b
int childr

if (disc
»»»»»»» childr

Tow[ul
} else i
Tow[ul
- if ((p

- void bridges
for (int u
stk.clear(

bridges.cl
comps.clea
TIME = 0;

4.5.2. Block Cut

// insert inside code for finding articulation points
graph build_block_cut_tree() {
articulation_points.size() + comps.size();
- vi block_id(n), is_art(n, 0);

- int bct_n =

- graph tree(b
- for (int i =

- for (int i =

————— if (is_a
else

- return tree;

4.5.3. Bridge Tr

// insert inside code for finding bridges
// requires union_find and hasher
graph build_bridge_tree() {

- union_find u
- for (int u =

--- for (int v :

_bridges_artics(u,

h_back(u); }

ack(u);
en = 0;

bool has_low_child = false;
for (int v :

adj[ul) {
-1) {

[v]

_bridges_artics(v, u);

en++;

if (discl[u] < low[v])
bridges.insert({std::min(u, v), std::max(u, v)}); --
if (disc[u] <= low[v]) {
has_low_child = true;

comps.push_back({u});

while (comps.back().back() != v and !stk.empty()) {
comps.back().push_back(stk.back());
stk.pop_back(); } }
= std::min(low[u], low[Vv]);

f (v '=p) -

= std::min(low[u], disc[v]); }
-1 & children >= 2) ||
(p !'= -1 & has_low_child))
articulation_points.push_back(u); }

_artics() {
=0; u<n;

);

articulation_points.clear();

Tree.

ct_n);

0; i < articulation_points.size(); ++i) {
--- block_id[articulation_points[i]] = i;
--- is_art[articulation_points[i]] = 1; }
0; i < comps.size(); ++i) {
--- int id = i + articulation_points.size();
--- for (int u :

block_id[u] =

comps[i])

rt[u]) tree

} _________
ee.

f(n);

0; u < n; ++u) {

adj[ul) {

++u)  discfu] = -1; --------------

ar(); =-----c--e-e-ecceeeeeecceceeeeeeee

F() mmrmmmmrm e

for (int u = 0; u < n; ++u) if (disc[u] == -1) -----------
I A

.add_edge(block_id[u], id);
id; }

————— ii uv = { std::min(u, v), std::max(u, v) };
if (bridges.find(uv) == bridges.end())
uf.unite(u, v); } }
- hasher h;
- for (int u = 0; u < n; ++u)
--- if (u uf.find(u)) h.get_hash(u);
- int tn = h.h.size(); ------mmmmm oo
- graph tree(tn);
- for (int i = 0; 1 < M; ++i) {
--- int ui = h.get_hash(uf.find(u));
--- int vi = h.get_hash(uf.find(v));
--- if (ui != vi) tree.add_edge(ui, vi); }
- return tree; }

4.6. Minimum Spanning Tree.

4.6.1. Kruskal

#include "graph_template_edgelist.cpp"
#include "union_find.cpp"
// insert inside graph; needs n, and edges
void kruskal(viii &res) {
- viii().swap(res); // or use res.clear();
- std::priority_queue<iii, viii, std::greater<iii> > pq;
- for (auto &edge : edges)
--- pg.push(edge); ---------mmmi
- union_find uf(n);
- while (!'pg.empty()) { ----------mmmmm
auto node = pg.top();  pg.pop();
int u = node.second.first;
int v = node.second.second;
if (uf.unite(u, v))
res.push_back(node); } }

4.6.2. Prim.

#include "graph_template_adjlist.cpp"
// insert inside graph; needs n,
void prim(viii &res, int s=0) {
- res.clear();
- std::priority_queue<iii, viii,
- VIS[S] = true; -----miem e
- for (auto &[v, wl : adj[s])
--- if (!vis[v]) pqg.push({w, {s,
- while (!pg.empty()) { ------- -
auto edge = pq.top(); pa.pop();
int u = edge.second.second;
if (vis[u]) continue;
vis[u] = true;
res.push_back(edge);
for (auto &[v, w] : adj[u])
if (!vis[vl) pqg.push({w, {u, v}});}}

4.7. Buler Path/Cycle .
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4.7.1. Euler Path/Cycle in a Directed Graph .

#define MAXV 1000
#define MAXE 5000
int indeg[MAXV], outdeg[MAXV], res[MAXE + 1];
ii start_end(graph &g) {
- int start = -1, end = -1, any = 0, c = 0;
- for (int u = 0; u < n; ++u) {
--- if (outdeg[u] > 0) any = u;
--- if (indeg[u] + 1 == outdeg[u]) start = u, c++;
--- else if (indeg[u] == outdeg[u] + 1) end = u, c++;

--- else if (indeg[u] '= outdeg[u]) return {-1, -1}; }
- if ((start == -1) != (end == -1) || (c !'= 2 && c !=0))
---return {-1,-1}; -
- if (start == -1) start =
- return {start, end}; }
bool euler_path(graph &g) {
- ii se = start_end(g);
- int cur = se.first, at = g.edges.size() + 1;
- if (cur == -1) return false;
- std::stack<int> s;
- while (true) {
--- if (outdeg[cur] == 0) {
res[--at] = cur;
if (s.empty()) break;
cur = s.top(); s.pop();
--- } else s.push(cur), cur =
- return at == 0; }

g.adj[cur][--outdeg[curl]; } ---

4.7.2. Euler Path/Cycle in an Undirected Graph .

std::multiset<int> adj[1010];
std::list<int> L;
std::list<int>::iterator euler(
- int at, int to, std::list<int>::iterator it

- if (at == to) return it;
- L.insert(it, at), --it;
- while ('adj[at].empty()) {
-- int nxt = xadj[at].begin();
adj[at].erase(adj[at].find(nxt));
adj[nxt].erase(adj[nxt].find(at));
if (to == -1) {
————— it = euler(nxt, at, it);
L.insert(it, at);

- }else { ----ceccicieie et
————— it = euler(nxt, to, it);
----- to=-1; }}
-return 1t; } oc----e i
// euler(0,-1,L.begin())

4.8. Bipartite Matching .

4.8.1.
vix adj;
boolx done;
int* owner;

Alternating Paths Algorithm .

// initially all false
// initially all -1

int alternating_path(int left) {
- if (done[left]) return 0;
- done[left] = true;
- for (int right : adj[left]) {
--- if (owner[right] == -1 || alternating_path(owner[right])) {
owner[right] = left; return 1; } }
- return 0; }

4.8.2. Hopcroft-Karp Algorithm .

#define MAXN 5000
int dist[MAXN+11, q[MAXN+1];
#define dist(v) dist[v == -1

struct bipartite_graph {
- int n, m, %L, *R; vi *adj;
- bipartite_graph(int n, int m) : n(n), m(m),
--- L(new int[n]), R(new int[m]), adj(new vi[n]) {}
- ~bipartite_graph() { delete[] adj; delete[] L; delete[] R; }
- void add_edge(int u, int v) { adj[u].push_back(v); }
- bool bfs() {
---int 1 =0,
--- for (int v =
if(L[v] ==
else dist(v) =
--- dist(-1) = INF;
--- while(l < r) {
int v = q[l++];
if(dist(v) < dist(-1))
for (int u : adj[v])
if(dist(R[u]) == INF) {
dist(R[u]) = dist(v) + 1;
qlr++] = R[ul; } }
--- return dist(-1) != INF; }
- bool dfs(int v) { ------mmmm o
--- if(v 1= -1) {
for (int u :

0; Vv < n; ++v)
-1) dist(v) = 0, qlr++] = v;
INF;

adj[v])
if(dist(R[u]) == dist(v) + 1)
if(dfs(R[ul)) { R[u]l = v; L[v] = u;
dist(v) = INF;

return false; }
--- return true; }
- int maximum_matching() {
--- int matching = 0;
--- for (int u = 0; u < n;
L[u] = R[u] = -1;
--- while(bfs())
for (int u = 0; u < n; ++u)
matching += L[u] == -1 && dfs(u);
--- return matching; } };

4.8.3. Minimum Vertex Cover in Bipartite Graphs .

#include "hopcroft_karp.cpp"
std::vector<bool> alt;
void dfs(bipartite_graph &g, int u) {
- alt[u] = true;
- for (int v: g.adj[ul) {
--- alt[v + g.n] = true;

vi mvc_bipartite(bipartite_graph &g) {

- if (g.R[v] != -1 && !alt[g.R[v]])
dfs(g, g.R[v]); } }

- vi res; g.maximum_matching();
- alt.assign(g.n + g.m, false);
- for (int i = 0; i<g.n; ++i) if (g.L[i] ==

-1) dfs(g, i); ---

- for (int i = 0; i<g.n; ++i) if (!alt[i]) res.push_back(i); -
- for (int i = 0; i<g.m; ++1) -------oomi i
--- if (alt[g.n + i]) res.push_back(g.n + i); ----------------
- return res; } ----cicieieiiiii e

4.9. Maximum Flow.

4.9.2. Dinic. O(V2E)
struct flow_network_dinic {

- struct edge {
---int u, v; 1l c, f;
--- edge(int u, int v, 11 ¢)
- int n;
- std::vector<int> adj_ptr, par, dist;
- std::vector<std::vector<int>> adj;
- std::vector<edge> edges; --------------iio oo
- flow_network_dinic(int n) : n(n) {
--- std::vector<std::vector<int>>(n).swap(adj);
--- reset(); }
- void reset() {
--- std::vector<int>(n).swap(adj_ptr);
--- std::vector<int>(n).swap(par);

--- std::vector<int>(n).swap(dist);
--- for (edge &e : edges) e.f =0; }
- void add_edge(int u, int v, 11 ¢, bool bi = false) {
--- adj[u].push_back(edges.size());
--- edges.push_back(edge(u, v, c));
--- adj[v].push_back(edges.size()); -----------------"---------
--- edges.push_back(edge(v, u, (bi ? c : OLL))); }
- 11 res(const edge &e) { return e.c - e.f; }
- bool make_level graph(int s, int t) {
--- for (int u = 0; u < n; ++u) dist[u] = -1;
~-= dist[s] = 0@; ---c-ecmciecae e e e
--- std::queue<int> q;
--- while (!qg.empty()) { ----------mmmm o
int u = g.front(); q.pop();
for (int i : adj[ul) {
edge &e = edges[il];

if (dist[e.v] < 0 and res(e)) {
dist[e.v] = dist[u] + 1;
g.push(e.v); } } }
= -1; }

u, int v) {
dist[u] + 1; }
t) {

cu(u), v(v), c(c), T(0) {} }; --

--- return dist[t]
- bool is_next(int
--- return dist[v] ==
- bool dfs(int u, int
--- if (u == t) return true;
--- for (int &ii = adj_ptr[u]; ii < adj[u].size(); ++ii)
int i = adj[ullii];
edge &e = edges[il];
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if (is_next(u, e.v) and res(e) > 0 and dfs(e.v,
parf[e.v] = 1i;
return true; } }
--- return false; }
- bool aug path(int s, int t) {
--- for (int u = 0; u < n; ++u) parfu] = -1;
--- return dfs(s, t); }
- 11 calc_max_flow(int s, int t) {
--- 11 total_flow = 0;
--- while (make_level_graph(s, t)) {
for (int u = 0; u < n; ++u)

while (aug_path(s, t)) {
11 flow = pvl::LL_INF;
for (int i = par[t]; i != -1; i = par[edges[i].u]) ---
flow = std::min(flow, res(edges[il));
for (int i = par[t]; i != -1; i = par[edges[i].u]) { -
edges[i].f += flow;
edges[i”1].f -= flow; }
total_flow += flow; } }
--- return total_flow; }
- std::vector<bool> min_cut(int s, int t) {
calc_max_flow(s, t);
assert(!make_level_graph(s, t));
std::vector<bool> cut_mem(n);
for (int u = 0; u < n; ++u)
cut_mem[u] = (dist[u] !'= -1);
PR

adj_ptr[u] = 0;

return cut_mem;

4.9.3. Push-relabel. W(VE 4+ V2VE), O(V3)

ANt n; --- e
std::vector<vi> capacity, flow; --------------~-----~-~------ -
vi height, eXCeSS; -------cmmmmmi i
void push(int u, int v) { ------------ii
- int d = min(excess[u], capacity[ul[v] - flow[ul[v]); -------
- flow[ul[v] += d; flow[v][u] -=d; -----------mmomeme oo
- excess[u] -= d; excess[v] +=d; } ------------ooooooo-
void relabel(int u) { -------------mmm
sdnt d = INF; ---mm i
- for (int 1 =0; 1 <n; i+4) ---comm i
--- if (capacity[u]l[i] - flow[u][i] > @) -----------mmmmmmno-
----- d = min(d, height[i]); -------------------mo -
- if (d < INF) height[u] =d + 1; } --------ommmmmmmman
vi find_max_height_vertices(int s, int t) { ------------------
- vi max_height; -----------mmi
- for (int i = 0; 1 < n; i++) { -----mmmmm i
oo if (1 !'=s & i !'= t &% excess[i] > 0) { ---------i-iooo-
——————— max_height.clear(); -------------“--~“------ -
————— if (max_height.empty()||height[i]==height[max_height[0]])
——————— max_height.push_back(i); } } -------------------
- return max_height; } --------------m
int max_flow(int s, int t) { ---------------
- flow.assign(n, vi(n, 0)); --------mmmmmm
- height.assign(n, 0); height[s] = n; ---------------------
- excess.assign(n, 0); excess[s] = INF; -----------mmommonn

- for (int i = 0; i < n; i++) if (i !'= s) push(s, i);

- Vi ocurrent; ---- oo
- while (!(current = find_max_height_vertices(s, t)).empty()) {
--- for (int 1 : current) { --------mim
»»»»» bool pushed = false; ---------mmmmmmm e
————— for (int j = 0; j < n && excess[i]; j++) { -------------
»»»»»»» if (capacity[il[j] - flow[i][j] > 0 && ---------------
——————————— height[i] == height[j] + 1) { --------------------
»»»»»»»»» push(i, j); ---c-ccmmmm e
————————— pushed = true; } } --------mmmmmi -
»»»»» if (!pushed) relabel(i), break; } } -------------co---
-int max _flow = 0; ------mmmmim oo
- for (int i = 0; 1 < n; i++) max_flow += flow[i][t]; --------
- return max_flow; } --------mmmm i

4.9.4. Gomory-Hu (All-pairs Mazimum Flow). O(V3E), possibly amor-
tized O(V2E) with a big constant factor.

#include "dinic.cpp"
struct gomory_hu_tree {
- int n;
- std::vector<int> dep;
- std::vector<std::pair<int, 11>> par; -----------------------
- explicit gomory_hu_tree(flow_network_dinic &g) : n(g.n) { --
std::vector<std::pair<int, 11>>(n, {0, OLL}).swap(par); --
std::vector<int>(n, 0).swap(dep);
std::vector<int> temp_par(n, 0);
for (int u = 1; u < n; ++u) {
g.reset();
1l flow = g.calc_max_flow(u, temp_par[u]);
std: :vector<bool> cut_mem = g.min_cut(u, temp_par[ul]); -
for (int v = u+l; v < n; ++v)
if (cut_mem[u] cut_mem[v]
and temp_par[u] == temp_par[v])
temp_par[v] = u;
add_edge(temp_par[u], u, flow); } }
- void add_edge(int u, int v, 11 w) {
--- par[v] = {u, w}; dep[v] = dep[u] + 1; }
- 11 calc_max_flow(int s, int t) {
1l ans = pvl::LL_INF;
while (dep[s] > dep[t]) {
ans = std::min(ans, par[s].second); s =
while (dep[s] < dep[t]) {
ans = std::min(ans, par[t].second); t =
while (s '= t) {
ans = std::min(ans, par[s].second); s =
ans = std::min(ans, par[t].second);
return ans; } };

par[s].first; --
par[t].first; }

if (!max_height.empty()&&height[i]l>height[max_height[0]]) 4.10. Minimum Cost Maximum Flow.

struct edge {
- int u, v; 11 cost, cap, flow;
- edge(int u, int v, 11 cap, 11 cost)
--- u(u), v(v), cap(cap), cost(cost), flow(0) {} };
struct flow_network {
- int n, s, t, *par, *in_queue, *num_vis; 11 =xdist, =*pot;
- std::vector<edge> edges;
- std::vector<int> xadj;
- std::map<std::pair<int, int>, std::vector<int> > edge_idx; -

--- edge_idx[{v, u}].push_back(edges.size());
--- edges.push_back(edge(v, u, OLL,

flow_network(int n, int s, int t)
-- adj = new std::vector<int>[n];
-- par = new int[n];
-- in_queue = new int[n];
-- num_vis = new int[n];
-- dist = new 11[n];
-- pot = new 11[n];
-- for (int u = 0; u < n; ++u) pot[u] = 0; }
void add_edge(int u, int v, 11 cap, 11 cost) {
-- adj[u].push_back(edges.size());
-- edge_idx[{u, v}].push_back(edges.size());
-- edges.push_back(edge(u, v, cap, cost));
-- adj[v].push_back(edges.size());

-cost)); } --
11 get_flow(int u, int v) { -------------------
-- 11 f = 0;
-- for (int 1 :
-- return f; }
11 res(edge &e) { return e.cap - e.flow; }
void bellman_ford() {
-- for (int u = 0; u < n; ++u) pot[u] =
-- pot[s] = 0;
-- for (int it = 0; it < n-1; ++it)
for (auto e : edges)
if (res(e) > 0)
potle.v] =
bool spfa () { ---------“““--“““““e
-- std::queue<int> q; q.push(s);
-- while (not qg.empty()) {
int u = q.front(); q.pop();
if (++num_vis[u] >= n) {
dist[u] = -INF;
return false; }
for (int i : adj[ul) {
edge e = edges[i];
if (res(e) <= 0) continue;
11 nd = dist[u] + e.cost + pot[u]
if (dist[e.v] > nd) {
dist[e.v] = nd;
parl[e.v] = 1i;
if (not in_queuele.v]) {
g.push(e.v);
in_queuele.v] = 1;
-- return dist[t] !'= INF; }
bool aug_path() { ----------“--““-“~“-““------
-- for (int u = 0; u < n; ++u) {
par[u] = -1;
in_queuelul]
num_vis[u]
dist[u] =
-- dist[s] = 0;
-- in_queue[s] = 1;
-- return spfa();
} _____________________________________________
pll calc_max_flow(bool do_bellman_ford=false) {

1]
(=]

Il
(<)

std::min(pot[e.v], pot[e.u] + e.cost); }
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--- 11 total_cost = 0, total_flow = 0} -------commmmmo
--- if (do_bellman_ford) -------commmmmm
————— bellman_ford(); ------------------om o
--- while (aug_path()) { ----------cmim i
----- TU f = INF; ---mmmmmm i
————— for (int i = par[t]; i != -1; i = par[edges[i].u]) -----
——————— f = std::min(f, res(edges[i])); ------------"----------
----- for (int i = par[t]; i != -1; i = par[edges[i].u]) { ---
——————— edges[i].flow 4= f; -------mmmmmmi
——————— edges[i”1].flow -= f; } --------mmmmmmi
----- total_cost += f x (dist[t] + pot[t] - pot[s]); ---------
----- total_flow += f; --------mmmmiim i
————— for (int u = 0; U < N; ++U) ~------mmm oo
——————— if (par[u] !'= -1) pot[u] += dist[u]; } ---------------
--- return {total_cost, total_flow}; } }; --------------------
4.10.1. Hungarian Algorithm.

int n, m; // size of A, size OF B --------mmmmmmmm o
int cost[N+1][N+1]; // input cost matrix, 1-indexed ----------
int way[N+1], p[N+1]1; // pl[i]=j: Ai is matched to Bj ---------
int minv[N+1], A[N+1], B[N+1]; bool used[N+1]; ---------------
int hungarian() { -------- e
- for (int i = 0; 1 <= Nj ++1) -----mmmmmm i
--- A[i] = B[i] = pl[i] = way[i] = 0; // init -----------------
- for (int i =1; 1 <=n; ++1) { -------mmmmmii
== pl0] =1i; ANt R = 0; -----cmmmi e
--- for (int j = 0; J <= m; +4+]) ------cmimi i
————— minv[j] = INF, used[j] = false; -------------------
I [ B e
----- int L = p[R], dR = 0; ------mmmmmmmmm i
————— int delta = INF; -------mmmmmm i
————— used[R] = true; ------------o-omm
————— for (int j = 1; j <= m; ++j) ------mmmmmmm o
——————— if (lused[j]) { -------mmmmi e
————————— int ¢ = cost[L][j] - A[L] - B[jl; ------------------
————————— if (c < minv[j]) minv[j] = ¢, way[j] = R; -----
————————— if (minv[j] < delta) delta = minv[j], dR = j; -----
_______ } e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e o
————— for (int j = 0; j <= m; ++j) -------mmmmmm o
————————— if (used[j]l) Alp[jl] += delta, B[j] -= delta; -----
————————— else minv[j] -= delta; --------------------
————— R = dR; --mmmmm i
--- Y while (p[R] != 0); ----mmmmmm i
--- for (; R !=0; R=way[R]) ----------------mmmeo oo
————— PIR] = plway[R]]; } -------mmmmmmmameci oo
- return -B[O]; } -------mmm i
4.11. Minimum Arborescence . Given a weighted directed graph,

finds a subset of edges of minimum total weight so that there is a unique
path from the root r to each vertex. Returns a vector of size n, where
the ¢th element is the edge for the ith vertex. The answer for the root is
undefined!

#include "../data-structures/union_find.cpp"
struct arborescence {
- int n; union_find uf;
- vector<vector<pair<ii,int> > > adj;
- arborescence(int _n) : n(_n), uf(n), adj(n) { }

- void add_edge(int a, int b, int c) {
--- adj[b].push_back(make_pair(ii(a,b),c)); }
- vii find_min(int r) {
--- vi vis(n,-1), mn(n,INF); vii par(n);
--- rep(i,0,n) {
if (uf.find(i)
int at = i;
while (at != r && vis[at]
vis[at] = i;
iter(it,adj[at]) if (it->second < mn[at] &&
uf.find(it->first.first) != at)
mn[at] = it->second, par[at] = it->first;
if (par[at] == 1i(0,0)) return vii();
at = uf.find(par[at].first); }
if (at == r || vis[at] != i) continue;
union_find tmp = uf; vi seq;
do { seq.push_back(at); at =
} while (at != seq.front());
iter(it,seq) uf.unite(*it,seq[0]);
int ¢ = uf.find(seq[0]);
vector<pair<ii,int> > nw;
iter(it,seq) iter(jt,adj[+it])
nw.push_back(make_pair(jt->first,
jt->second - mn[*it]));
adjc]l = nw;
vii rest = find_min(r);
if (size(rest) == 0) return rest;
ii use = rest[c];
rest[at = tmp.find(use.second)] =
iter(it,seq) if (xit !'= at)
rest[*it] = par[*it];
return rest; }
par; } };

-1) {

uf.find(par[at].first); ---

--- return

4.12. Blossom algorithm . Finds a maximum matching in an arbi-
trary graph in O(|V|*) time. Be vary of loop edges.

#define MAXV 300
bool marked[MAXV], emarked[MAXV][MAXV];
int S[MAXV];
vi find_augmenting_path(const vector<vi> &adj,const vi &m){ --
- int n = size(adj), s = 0;
- vi par(n,-1), height(n), root(n,-1), q, a, b;
- memset(marked,0,sizeof(marked));
memset (emarked, 0,sizeof (emarked));
- rep(i,0,n) if (m[i] >= 0) emarked[i][m[i]] =
else root[i] = i, S[s++] = i;

- while (s) {
---dint v = S[--s];
--- iter(wt,adjlv]) {
int w = *wt;
if (emarked[v][w]) continue;
if (root[w -1) {
int x = S[s++] = m[w];
par[w]=v, root[w]l=root[v], height[w]=height[v]+1; ----
par[x]=w, root[x]=root[w], height[x]=height[w]+1; ----
} else if (height[w] % 2 == 0) {

....... if (root[v] != root[w]) {
--------- reverse(q.begin(), g.end());

return q;
} else {
int ¢ = v;

_________ C =Ww;

----------- c = a.back(), a.pop_back(),

--------- par[c] = s = 1;
......... vector<vi> adj2(s);
----------- if (par[i] == 0) {
_____________ if (!marked[par[+it]]) {
_________ vi m2(s, -1);
if (m[c] !'= -1) m2[m2[par[m[c]
rep(i,0,n) if(par[i]!=0&Sm[i]!

m2[par[i]] = par[m[i]];

————————— int t = 0;

if (t == size(p)) {
rep(i,0,size(p)) pli] =
return p; }
if (!plo] || (m[c] !=
reverse(p.begin(), p.end()),
rep(i,0,t) q.push_back(root[p[
iter(it,adj[root[p[t-111]1) { -
if (par[*it] != (s =
a.push_back(c),
iter(jt,b) a.push_back(*jt);
while (a[s] != *it) s++;

reverse(a.begin(),a.end())
while(a[s]!=c)q.push_back(al
g.push_back(c);

return q; } } }
emarked[v][w] =
--- marked[v] = true; } return q; }

vii max_matching(const vector<vi> &adj) {

- vi m(size(adj), -1), ap; vii res, es;

while (v '= -1) qg.push_back(v), v =

while (w '= -1) qg.push_back(w), w =
while (c '= -1) a.push_back(c), c =
while (c '= -1) b.push_back(c), c =
while ('a.empty()&&!b.empty()&&a.back()==b.back()) -

memset (marked,0,sizeof (marked));
fill(par.begin(), par.end(), 0);
iter(it,a) par[*it] = 1; iter(it,b) par[*it] = 1; --

rep(i,0,n) root[par[i] = par[i] ? O :

rep(i,0,n) iter(it,adj[il) { -
if (par[*it] == 0) continue;

adj2[par[i]].push_back(par[«it]);
adj2[par[+it]].push_back(par[il);
marked[par[*it]] = true; }
} else adj2[par[il].push_back(par[*it]); }

vi p = find_augmenting_path(adj2, m2);
while (t < size(p) && p[t]) t++;

-1 & plt+1]

0)) continue;

reverse(a.begin(), a.end());

rep(i,t+1,size(p)) q.push_back(root[p[i]l]);

emarked[w][v] = true; }

par[c];

b.pop_back(); --------

11 = 0] = par[m[c]]; -
=-1&&par[m[i]]!=0) ---
'= par[m[c]])) --
t=(int)size(p)-t-1; -
ill);

if((height[*it]1&1)"(s<(int)size(a)- (int)size(b)))

, s=(int)size(a)-s-1;
s]),s=(s+1)%size(a); -

- rep(i,0,size(adj)) iter(it,adj[i]) es.emplace_back(i,*it); -

- random_shuffle(es.begin(), es.end());
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- iter(it,es) if (m[it->first] == -1 && m[it->second] == -1) -
--- m[it->first] = it->second, m[it->second] = it->first; ----
- do { ap = find_augmenting_path(adj, m);
------ rep(i,0,size(ap)) m[m[ap[i~1]] = ap[il] = ap[i~1l]; ----
- } while ('ap.empty());
- rep(i,0,size(m)) if (i < m[i]) res.emplace_back(i, m[i]); --
- return res; } - --mi oo

4.13. Maximum Density Subgraph. Given (weighted) undirected
graph G. Binary search density. If g is current density, construct flow
network: (S,u,m), (u,T,m+ 29 — dv), (u,v,1), where m is a large con-
stant (larger than sum of edge weights). Run floating-point max-flow. If
minimum cut has empty S-component, then maximum density is smaller
than g, otherwise it’s larger. Distance between valid densities is at least
1/(n(n —1)). Edge case when density is 0. This also works for weighted
graphs by replacing d,, by the weighted degree, and doing more iterations
(if weights are not integers).

4.14. Maximum-Weight Closure. Given a vertex-weighted directed
graph G. Turn the graph into a flow network, adding weight oo to each
edge. Add vertices S,T. For each vertex v of weight w, add edge (S, v, w)
if w > 0, or edge (v, T, —w) if w < 0. Sum of positive weights minus
minimum S — T cut is the answer. Vertices reachable from S are in the
closure. The maximum-weight closure is the same as the complement of
the minimum-weight closure on the graph with edges reversed.

4.15. Maximum Weighted Ind. Set in a Bipartite Graph. This
is the same as the minimum weighted vertex cover. Solve this by con-
structing a flow network with edges (S, u, w(u)) for w € L, (v, T, w(v)) for
v € R and (u,v,0) for (u,v) € E. The minimum S, T-cut is the answer.
Vertices adjacent to a cut edge are in the vertex cover.

4.16. Synchronizing word problem. A DFA has a synchronizing word
(an input sequence that moves all states to the same state) iff. each pair
of states has a synchronizing word. That can be checked using reverse
DFS over pairs of states. Finding the shortest synchronizing word is
NP-complete.

4.17. Max flow with lower bounds on edges. Change edge (u,v,l <
f <o to (u,v,f < c—1). Add edge (¢t,s,00). Create super-nodes
S, T. Let M(u) = >, l(v,u) — >, lu,v). If M(u) < 0, add edge
(u, T, —M(u)), else add edge (S,u, M(u)). Max flow from S to T. If
all edges from S are saturated, then we have a feasible flow. Continue
running max flow from s to ¢ in original graph.

4.18. Tutte matrix for general matching. Create an n X n matrix
A. For each edge (,7), i < j, let Aj; = x;; and Aj; = —x;;. All other
entries are 0. The determinant of A is zero iff. the graph has a perfect
matching. A randomized algorithm uses the Schwartz—Zippel lemma to
check if it is zero.

4.19. Heavy Light Decomposition.

#include "segment_tree.cpp"
struct heavy_light_tree { --------------------o o
- int n, =par, xheavy, *dep, *path_root, #*pos; ---------------
- std::vector<int> *adj; -------------ioiiiii
- segtree xsegment_tree; ------------------------oooooooo
- heavy_light_tree(int n) : n(n) { -------------mmt
--- this->adj = new std::vector<int>[n];

--- segment_tree = new segtree(0, n-1); --------------oooo---
--- par = new int[n]; ---------im i

--- heavy = new int[n];
R dep =

--- path root = new int[n];

- pos = new int[n]; } -------c--iiiii i
- void add_edge(int u, int v) { ------------iiiiiiooo
--- adj[ul.push_back(v); ------------mmi o
--- adj[v].push_back(u); } ----------mmmm
- void decompose(int u, int &p) { ----------iiiiiiioiioaon
----------- if (adjlul[i] ==

--- for (int v = u; v != -1; v = heavy[v])

new int[n]; --------iii i

- void add_edge(int a, int b) { -----------oooooo
--- adjlal.push_back(b); adj[b].push_back(a); } --------------
- int dfs(int u, int p) { -----omme oo
c-- SZ[U] = 1; e
--- for (int v : adj[u]) if (v != p) sz[u] += dfs(v, u); -----
--- return sz[u]; } ------ciiiimii e
- void makepaths(int sep, int u, int p, int len) { -----------
--- jmplullseph[sepl] = sep, path[u][seph[sep]l] = len; -------
s--dnt bad = -1 cc-- e
--- for (int i = 0; i < adjlul.size(); ++i) { ----------------
p) bad = i;

----- path_root[v] = u, pos[v] = p++; } ----------------------  ----- else makepaths(sep, adj[u][i], u, len + 1); } ----------

- void build(int root) { --------------me oo
——————————— swap(adjlul[bad], adj[ul.back()), adj[ul.pop_back(); } -

--- for (int u = 0; u < n; ++u) heavy[u] =
--- par[root] = root; dep[root] = 0;

--- dfS(root); -------me e

--- int p = 0; decompose(root, p);

--- int max_subtree_sz = 0;

—————————————————————————— --- down:
--- for (Int u = 0; U < N +4U) -----mmmm
————— if (par[u] == -1 or heavy[par[ul] != u)
------- decompose(u, p); } ------eomm i
sint dfs(int u) { -----c-oiei e
Se- ANt SZ = 1) -

--- if (p == sep) // remove bad edge -------------------------

- void separate(int h=0, int u=0) { --------------------------
--- dfs(u, -1); int sep =

--- for (int nxt : adjlsep]) ----------cmmmmmi o

——————————— if (sz[nxt] < sz[sep] && sz[nxt] > sz[ul]/2) ------------

——————— sep = nxt, goto down; ----------------oooooo-o
--- seph[sep] = h, makepaths(sep, sep, -1, 0); ---------------
--- for (int i = 0; i < adj[sepl.size(); ++i) ----------------

——————————————————————————————————————— separate(h+1, adj[sep][i]l); } --------------"------------

--- for (int v : adj[u]) { ----------mm e - void paint(int u) { ---------iiimi i
————— if (v !'=parfu]l) { ----------------c--oeoioieoooo-- --- for (int h = 0; h < seph[u] + 1; ++h) ---------oooooon
------- par[v] = u; ----------oieei e eeeeeoeeooo o= shortest[jmplul[h]] = - -ei

....... dep[v] = dep[u] + 1;

------- int subtree_sz = dfs(v); -----------iiiii

——————— if (max_subtree_sz < subtree_sz) {

--------- max_subtree_sz = subtree_sz; -----------------oooo-

——————— std::min(shortest[jmp[ul[h]], path[ul[h]); } ---------
- int closest(int u) { --------------ri
--- dint mn = INF/2;
--- for (int h = 0; h < seph[u] + 1; ++h) --------mcmcmot

--------- heavy[u] = v; } ------------------------------------ -----mn = std::min(mn, path[ul[h] + shortest[jmp[ul[h]]); ---

------- sz += subtree_sz; } } --------mmii i

---return mn; } o} - -mie e

---return sz; } oo

- int query(int u, int v) { ----------iiii i

--- int res = 0;
--- while (path_root[u] '= path_root[v]) {

»»»»» if (dep[path_root[u]] > dep[path_root[v]]) swap(u, v);
————— res += segment_tree->sum(pos[path_root[v]], pos[v]);
»»»»» v = par[path_root[v]]; } ---------------- oo
--- res += segment_tree->sum(pos[u], pos[v]);
s--return res; } c-----eieiiciei e
- void update(int u, int v, int c) { ---------------ooooo-

--- while (path_root[u] != path_root[v]) {

————— if (dep[path_root[u]] > dep[path_root[v]]) swap(u, v);
»»»»» segment_tree->increase(pos[path_root[v]], pos[v], c);
————— v = par[path_root[v]]; } --------------m

--- segment_tree->increase(pos[u], pos[v],

4.20. Centroid Decomposition.

#define MAXV 100100 --------------cmmmmmm oo
#define LGMAXV 20 - -----cmmmmm oo s oo if (k & (1 << 1)) u = par[ul[i];
sz[MAXV],
- seph[MAXV], shortest[MAXV]; --------ommmmmmmmm o
struct centroid_decomposition { -------------------oooooo
-dnt n; wwi adj; c---eeem e

int jmp[MAXV][LGMAXV], path[MAXV][LGMAXV],

- centroid_decomposition(int _n)

(DI I

4.21. Least Common Ancestor.

4.21.1. Binary Lifting.

struct graph { --------------- e
- int n, logn, *dep, **par; -----------ccc----cooooooooo
- std::vector<int> *adj; ------------------i e
- graph(int n, int logn=20) : n(n), logn(logn) { -------------
--- adj = new std::vector<int>[n];
--- dep = new int[n]; ----------iiii i
--- par = new intx[n];
--- for (int i = 0; i < n; ++i) par[i] = new int[logn]; } ----
- void dfs(int u, int p, int d) { ------------m
-~ deplu] =
---parfulfB] =p; --------me e
--- for (int v : adju]) ---------m
----- if (v = p) dfs(v, u, d+l); } -------mmmmmmii i
- int ascend(int u, int k) { ---------iiiiiii i
--- for (int i = 0; i < logn; ++1) ----------mmmmmmii oo

--return U ) c-emim e
- int lca(int u, int v) { ------mm o
--- if (dep[u] > dep[v]) u = ascend(u, dep[u] - dep[v]); ----
--- if (depl[v] > dep[u]) v = ascend(v, dep[v] - dep[ul); ----
--- if (u == v) return U; -------cccoomme oo
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--- for (int k = logn-1; k >= 0; --k) { -------------cmmnn #include "data-structures/union_find.cpp" --------------=-““-= ---------- int v = adjul[i]; ------------mmmem o
————— if (par[ul[k] '= par[v]l[k]) { --------------------------  struct tarjan_olca { ---------------------como oo AF (IviS[V]) { e
——————— u = par[ul[k]; v = par[v]l[k]; } } ------------------- - vi ancestor, answers; -------------------------------_------  -.------------- vis[v] = true; pre[v] =u; -------------------
--- return par[ul[0]; } -----------mmi S AT - T I e R LR qltail++] = v; if (tail == N) tail = 0; ------
- bool is anc(int u, int v) { --------------- - VW11 QUEri@eS; ------ ool oo D
--- if (dep[u] < dep[v]) std::swap(u, V); -------------------- - std::vector<bool> colored; ----------------------------- se-return U; ---e-eeiee i
--- return ascend(u, dep[u] - dep[v]) == v; } ---------------- - union_find uf; --------mmi o } // returns the list of tree centers ------------------------
- void prep_lca(int root=0) { -------------------ooi - tarjan_olca(int n, vvi &adj) : adj(adj), uf(n) { ----------- vector<int> tree_centers(int r, vector<int> adj[]) { ---------
--- dfs(root, root, 0); --------------mi --- vi(n).swap(ancestor); ----------------ooo oo ---dnt size = 0; -
--- for (int k = 1; k < logn; ++k) --------mmmmmmmm --- vvii(n).swap(queries); -------------oooooooooooo --- for (int u=bfs(bfs(r, adj), adj); u!=-1; u=prefu]) -------
————— for (int u = 0; u<n; ++u) ---------------------------- --- std::vector<bool>(n, false).swap(colored); } ------------- ------- path[size++] = U} ------------mm -
------- par[ul[k] = par[par[u]l[k-1]1[k-1]; } }; -------------- - void query(int x, inty) { ---------------------coo------  --- vector<int> med(1l, path[size/2]); -----------------c---
--- queries[x].push_back(ii(y, size(answers))); -------------- --- if (size % 2 == 0) med.push_back(path[size/2-1]); --------
4.21.2. Euler Tour Sparse Table. --- queries[y].push_back(ii(x, size(answers))); -------------- ce- return med; - - - e aaooo
struct graph { ---------------------- --- answers.push_back(-1); } --------mmmmmmm o } // returns "unique hashcode" for tree with root u ----------
- int n, logn, xpar, *dep, *first, xlg, #*spt; --------------- - void process(int u) { -------om e oo LL rootcode(int u, vector<int> adj[], int p=-1, int d=15){ ---
- vi xadj, euler; // spt size should be ~ 2n ----------------- --- ancestor[u] = U; - --- vector<LL> k; int nd = (d + 1) % primes; -----------------
- graph(int n, int logn=20) : n(n), logn(logn) { ------------- --- for (int v : adjul) { ------emmmm --- for (int i = 0; 1 < adj[ul.size(); ++i) ----ccmmmmmmaon
---adj = new vi[n]; ------coiiiiiiiiiiii i ProCesS(V); =---mmmm ool oo if (adj[ul[i] !'=p) ---------mmrrmm
--- par = new int[nl; ----------------oooooooo L UF. UNLE@(U, V) mmmmmmm e e il el k.push_back(rootcode(adj[ul[i]l, adj, u, nd)); ----
--- dep = new int[n]; -------iioiiiioiiia ancestor[uf.find(u)] = u; } ------mmmmmm oo --- sort(k.begin(), K.end()); ---------mmmmeee e
--- first = new int[nl; } ---------------o-oioo o -~ colored[u] = tru@; - ---cmmmmmmm o cc- LL h = K.S1Ze() + 1} --cccmmmmmmmmmmmmmm o
- void add_edge(int u, int v) { ------------ooooooiooooo --- for (auto &[a, bl: queries[u]) -----------oooooo- --- for (int 1 = 0; 1 < k.size(); ++1i) ----ccmmmmmmmoa oo
--- adj[u].push_back(v); adj[v].push_back(u); } -------------- ... if (colored[a]) answers[b] = ancestor[uf.find(a)]; ----- ------- h = h % prid] + K[i]; ------mmmmmmm oo
- void dfs(int u, int p, int d) { -------------------ooo- F d e ce-return h; - e -
---dep[u] =d; parfu] = p; --------oiiie } // returns "unique hashcode" for the whole tree ------------
--- first[u] = euler.size(); ---------ccmmmmm e 4.22. Counting Spanning Trees. Kirchoff’s Theorem: The number of LL treecode(int root, vector<int> adj[]) { -------------------
--- euler.push_back(u); --------------“---- spanning trees of any graph is the determinant of any cofactor of the ___ vector<int> c = tree_centers(root, adj); -----------------
<= for (int v : @adjlul]) -------mmem e Laplacian matrix in O(n?3). e AF (C.SEZE()Zm1) - e el
----- if (v !=p) { -cc e (1) Let A be the adjacency matrix. ------- return (rootcode(c[0], adj) << 1) | 1; ---------------
——————— dfs(v, u, d+l); ------mmmmi (2) Let D be the degree matrix (matrix with vertex degrees on the --- return (rootcode(c[0],adj)+*rootcode(c[1],adj))<<1l; -------
——————— euler.push_back(u); } } -----------------o - diagonal). } // checks if two trees are isomorphic ----------------------
- void prep_lca(int root=0) { ------------------------------ (3) Get D— A and delete exactly one row and column. Any row and bool isomorphic(int rl, vector<int> adjl[], int r2, ----------
--- dfs(root, root, 0); ------------ o column will do. This will be the cofactor matrix. = -ccooooooo- vector<int> adj2[], bool rooted = false) { ---
--- int en = euler.size(); -----------miii (4) Get the determinant of this cofactor matrix using Gauss-Jordan. --- if (rooted) -----------commmmmmm
--- 1g = new int[en+1]; ---------mmmmm i (5) Spanning Trees = |cofactor(D —A)]  ao----- return rootcode(rl, adjl) == rootcode(r2, adj2); -----
--- 1g[0] = 1g[1] = 0; -------mmmmi i --- return treecode(rl, adjl) == treecode(r2, adj2); } -------
co- for (int i = 2; 1 <= @n; +41) ccccm e 4.23. Erdds-Gallai Theorem. A sequence of non-negative integers
_____ 1g9[i] = 1g[i >> 1] + 1; =-----c--cmcmeecmeeooeooo-. di >+ >dpn can be represented as the degree sequence of finite simple 5. Mata I - ALGEBRA
<o- spt = new Antr[en]; - - - e e graph on n vertices if and only if d; + - - - 4+ dy, i1s even and the following . .
—-- for (int i = 0; i < en; ++1) { --c----mmmmmmm e holds for 1 < k < n: 5.1. Generating Function Manager.
————— spt[i] = new int[lglen]l; ------------ oo n n const %"t DEPTH = 19; --------rooroorooroorom oo oo
_____ Spt[i1[0] = eUler[il; } ---c-cmcmmmmoim i j{:(h <k(k—1)+ :E: min (d;, k) const int ARR_DEPTH = (1<<DEPTH); //approx 5x1075 ------------
S~ for (int k = 0; (2 << k) <= en; ++K) -ccccoooooo. i=1 i=k+1 const int SZ = 125 -------ooooioiiiiioo i
----- for (int i = 0; i+ (2 << K) <= enj #+i) --coooooioiiain oL L1 temp[SZ] [ARRDEPTH1]; ------------o-o-oooooooooooo oo oo
------- if (dep[spt[il[k]] < deplspt[i+(1<<k)1[k]]) ---------- prism. const 11 MOD = 998244353} -----oomrommoommmmooos oo
_________ Spt[i][k+1] = SPtLil[K]; - -c-cmmmmmmmmmmimoooooe // REQUIREMENT: list of primes pr[], see prime sieve --------- struct GF_Manager { -------------“““-“~““------
_______ €S - - e iiiiioi.__..._... typedef long long LL; -----------o--ooiooioooooooooooooooooos it 10 = 05 co-coiieii i
_________ Spt[l][k+1] — Spt[i+(1<<k)][k]; } oo int pre[N], q[N], path[N]; bool vis[N]; ---------------------- - std::stack<int> to_be_freed; ------------------ -
- int 1ca(dnt U, ANt V) { = - - oo e // perform BFS and return the last node visited -------------- - const static L1 DEPTH = 23; ---------mmmmmmmmiii i
co_int a = first[u], b = FirSt[V]; -----ccommcmommoooooo- int bfs(int u, vector<int> adj[]) { --------------“----------- - 1l prim[DEPTH+1], prim_inv[DEPTH+1], two_inv[DEPTH+1]; -----
—.- if (a > b) Std::Swap(a, b); --c---ome ool --- memset(vis, 0, sizeof(vis)); --------------miiii - 11 mod_pow(1ll base, 1l exp) { ------------“"--“"--“-“--~--------
——-int k = lg[b-a+1], ba =b - (1 << k) + 1 ----mm-mmmmmnn- --- int head = 0, tail = 0; ----ccvmmmmmmm e --- if(exp==0) return 1; -----------------ooo o
- if (dep[sptl[allk]] < dep[spt[bal[k]]) return sptla](k]; -- ~~~ Qltailse+] = u; vis[u] = true; prefu] = -1; --------o-omno- --- if(exp&l) return (basexmod_pow(base,exp-1))%MOD; ---------
<= return sptlballkl; F }3 ccccmomem el --- while (head != tail) { -------------mmmmmim --- else return mod_pow((basexbase)%MOD, exp/2); } -----------
------- u = qlhead]; if (++head == N) head = 0; -------------- - void set_up_primitives() { ----------------mmm
4.21.3. Tarjan Off-line LCA. oo for (int i = 0; i < adj[u]l.size(); ++i) { ------------ == prim[DEPTH] = 31; ----cmmmmmm i
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--- prim_inv[DEPTH] = mod_pow(prim[DEPTH], MOD-2);
--- two_inv[DEPTH] = mod_pow(1<<DEPTH,MOD-2);
--- for(int n = DEPTH-1; n >= 0; n--) {
prim[n] = (prim[n+1]*prim[n+1])%MOD;

prim_inv[n] = mod_pow(prim[n],MOD-2);
two_inv[n] = mod_pow(1l<<n,MOD-2); } }
- GF_Manager(){ set_up_primitives(); } -----------------------
- void start_claiming(){ to_be_freed.push(0); }
- 1l* claim(){
--- ++to_be_freed.top(); assert(tC < SZ); return temp[tC++]; }
- void end_claiming(){tC-=to_be_freed.top();
- void NTT(ll A[], int n, 11 t[],
bool is_inverse=false, int offset=0) {
--- if (n==0) return;
--- //Put the evens first, then the odds
--- for (int i = 0; i < (I1<<(n-1)); i++) {
t[i] = Aloffset+2xi];
t[i+(1<<(n-1))] = A[offset+2*i+1]; }
--- for(int i = 0; 1 < (l<<n); i++)
----- Aloffset+i] = t[i];
--- NTT(A, n-1, t, is_inverse, offset);
--- NTT(A, n-1, t, is_inverse, offset+(l<<(n-1)));
--- 1l wl = (is_inverse ? prim_inv[n] : prim[n]), w = 1;
--- for (int 1 = 0; i < (I1<<(n-1)); i++, w=(wxwl)%MOD) {
t[i] = (A[offset+i] + wxA[offset+(l<<(n-1))+i])%MOD; ---
t[i+(1<<(n-1))] = (A[offset+i]-
———————————————————————— wxA[offset+(l<<(n-1))+i])%MOD; } ----
--- for (int 1 = 0; 1 < (1l<<n); i++) A[offset+i] = t[i];

- int add(l1l A[], int an, 11 B[], int bn, 11 C[]) {
--- int cn = 0;
--- for(int 1 = 0; i < max(an,bn); i++) {
C[i] = A[i]+B[i];
if(C[i] <= -MOD)
if(MOD <= C[i]) C[i] -= MOD;
if(C[i]!=0) cn =1; }
s--return cn; ) s cee e
- int subtract(11 A[], int an, 11 B[], int bn, 11 C[]) {
--- int cn = 0;
--- for(int 1 = 0; 1 < max(an,bn);
C[i] = A[i]-B[i];
if(C[i] <= -MOD)
if(MOD <= C[i])
if(C[i]!=0)
s--return cn+l; } oc--c e e
- int scalar_mult(ll v, 11 A[], int an, 11 C[]) {
--- for(int 1 = 0; i < an; i++) C[i] = (v*A[1i])%MOD;
---return v==0 ? 0 : An; } -
- int mult(1l A[], int an, 11 B[], int bn, 11 C[]) {
--- start_claiming();
--- // make sure you've called setup prim first
--- // note: an and bn refer to the xnumber of items in
--- // each arrayx, NOT the degree of the largest term -------
--- int n, degree = an+bn-1;
--- for(n=0; (l<<n) < degree; n++);
--- 11 *tA = claim(), *tB = claim(),

----- Cli] += MOD; ----ccmmmmmmmmmmoeoeo

C[i] += MOD;
C[i] -= MOD;
cn =1; }

*t = claim();

to_be_freed.pop();} - int reciprocal(ll F[],

16
--- copy(A,A+an,tA); fill(tA+an,tA+(l<<n),0); ---------------- --- split[s][offset] = -a[ll; //X"0 ----ccmmmmmm oo
--- copy(B,B+bn,tB); fill(tB+bn,tB+(1l<<n),0); ---------------- --- split[s][offset+l] = 1; //X 1 -cccmmmmmmm oo
o= NTT(RA, N, ) - mm i mm e e-return 2 } - m e
S-- NTT(EB,n,t); --mmmmm e At m o= (U4r) /25 s m
--- for(int 1 = 0; 1 < (l<<n); d++) --cmmmmmmm o Sdnt sz = M-l s e e e o-
»»»»» tA[i] = (tA[i1*tB[i])%MOD; ----------------------------- - int da = bin_splitting(a, 1, m, s+1, offset); --------------
--- NTT(tA,n,t,true); --------mmmmmiimm e - int db = bin_splitting(a, m+1, r, s+1, offset+(sz<<l)); ----
--- scalar_mult(two_inv[n],tA,degree,C); --------------------- - return gfManager.mult(split[s+1]+offset, da, ---------------
--- end_claiming(); ----------csssiiiiiio --- split[s+1]+offset+(sz<<1), db, split[s]+offset); } -------
--- return degree; } ------cciiiioiiiiiioiioiiiiiiiiooo void multipoint_eval(1l a[], int 1, int r, 11 F[], int fn, ---
int fn, TUR[]) { ------------------- - 11 ans[], int s=0, int offset=0) { ----------------om--
--- start_claiming(); ------------mm e em df(U==r) { smmm
--- 11 #tR = claim(), *tempR = claim(); ---------------------- ----- ans[1l] = gfManager.horners(F,fn,a[l]); -----------------
---int n; for(n=0; (l<<n) < fn; N#+); -c-mmmmmmmo oo oo FetUMN; - s oo illloos
--- fill(tempR, tempR+(1<<n),0); -------------mmmmmo oo ceedAnt m o= (L4r) /2 - - e
--- tempR[O] = mod_pow(F[O],MOD-2); ---------mmmmmmmmaoe se-dnt SZ = m-H]; s e
---for (inti=1;i<=n; it+) { --------- --- int da = gfManager.mod(F, fn, split[s+1]+offset, ---------
----- mult(tempR,1<<i,F,1<<i,tR); ---------------------------  ----- s7+]1, Fi[s]+offset); ---------------
————— tR[O] -=2; -~ --- int db = gfManager.mod(F, fn, split[s+l]+offset+(sz<<1), -
----- scalar_mult(-1,tR,1<<i,tR); -----------------------o - r-m+l, Fi[s]+offset+(sz<<l)); --------------““-“"---
————— mult(tempR,1<<i,tR,1<<i,tempR); } ----------------------  --- multipoint_eval(a,l,m,Fi[s]+offset,da,ans,s+1,offset); ---
--- copy(tempR,tempR+fn,R); -------ccmmim --- multipoint_eval(a,m+1,r,Fi[s]+offset+(sz<<1), ------------
--- end_claiming(); ---------mmmm e oo db,ans,s+1,0ffset+(sz<<1l)); -------mmmmmmmmm oo
s--return Ny} - L e R LT
- int quotient(ll F[], int fn, 11 G[1, int gn, 11 Q[]) { -----
--- start_claiming(); --------------oioiiioiii e 5.2. Fast Fourier Transform. Compute the Discrete Fourier Trans-
--- W revF = claim(); ---------ommmomii e form (DFT) of a polynomial in O(nlogn) time.
--- 1lx revG = claim(); ------mmmmm
--- 1l tempQ = claim(); ---------mmmmm e struct poly { -------------ooo-oooooio
--- copy(F,F+fn,revF); reverse(revF,revF+fn); ---------------- --- double @, b; -------oooioooiorooese e
--- copy(G,G+gn, revG); reverse(revG,revG+gn); ---------------- --- poly(double a=0, double b=0): a(a), b(b) {} --------------
Sl ARt QN = PRl ool --- poly operator+(const poly& p) const { --------------------
- reciprocal(reve,qn, revG); - - - - - oooooooee. TTTTTC return poly(a + p.a, b + p.b);} --------ooiiiioooos
- mult(revF,qn, revG,qn, tempQ); -------- - c--cmeomoooooo --- poly operator-(const poly& p) const { --------------iooon-
--- reverse(tempQ, tempQ+qn); ----------mmmmmm oo T return poly(a - p.a, b - p.b);} --------iii o
- copy(tempQ,tempQiqn,Q); - - - << -m oo --- poly operators(const poly& p) const { --------------oooon-
o end_CLAIMING ()] <« - el TTTTTC return poly(a*p.a - b*xp.b, a*p.b + b*p.a);} ----------
ceo PEEUFN QN } oo m el Bioceoroooeeeees e
- int mod (1l F[], int fn, 11 G[], int gn, WL R[]) { ---------- void fft(poly in[], poly p[], int n, int s) { ----------------
--- start_claiming(); -----------mmmmmo ool if (n < 1) return; ------oooooonoioiiioei o
oo 1L #Q = claim(), #GQ = claim(); -------mmmmmmmmmm oo --- if (n == 1) {P[O] = in[0]; return;} ----------------------
--- int qn = quotient(F, fn, G, gn, Q); ---------cccm-ceammaa- Tt hee= 1; fftlin, p, n, s << 1) ----o-ommmoooooo oo
--- int ggn = mult(G, gn, Q, qn, GQ); -----------mmmeeaaaoo- -~ fftlin +s, p+n, n, s << 1?; """""""""""""""
--- int rn = subtract(F, fn, GQ, gqn, R); --------=--zcco-oo- --- poly W(l): Wn(co?(M—PI/n):‘ Sin(M_PI/n)); ---------ommmmnn-
o end_CLAIMING ()} « - - --- for (int i = 0; i < ++1) { oo
B T N 211 T SRR pO}y even = p[i], odd = p[i + n]; ------------ooiiooo
~ U horners (LU F[1, int fn, U Xi) { -cccoooooommiiioaeo 700 PIi] = even + w * odd; -------ooooooooooo oo
B e pli + n] =even - w x odd; --------------“------------
co- for(dint i = fn-1; i >= 0} d--) cccc-eocmeomomeeoaoa 7T WS W WG oo
————— ans = (ans*xi+F[i]) % MOD; -------------c-ommmmmmao oo T b
.- return ans; } }; c-cciem e } S
GF_Manager gfManager; ---------------=--cccoioool__ .. void fft(poly p[l, int n) { -----------vrmmiii o
U spUit [DEPTH+1] [ 2% (ARR_DEPTH)+1]; -« -c-oommommm oo --- poly «f = new poly[n]; fft(p, f, n, 1); ------o-v-ooommnnr
11 Fi[DEPTH+1][2% (ARR_DEPTH)+1]; - o ccmmmmmmmom oo --- copy(f, f +n, p); delete[] f; --------oo-ooooooooons
int bin_ spllttlng(ll all, int 1, int r, int s=0, int offset=0) {} ''''''''''''''''''''''''''''''''''''''''''''''''
CUAF(U == 1) { el void inverse_fft(poly p[], int n) { ----------------m--
--- for(int i=0; i<n; i++) {pl[il.b == -1;} fft(p, n); --------
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--- for(int i=0; i<n; i++) {pl[il.a/=n; pl[il.b/= -1*n;}

5.3. FFT Polynomial Multiplication. Multiply integer polynomials
a,b of size an,bn using FFT in O(nlogn). Stores answer in an array c,
rounded to the nearest integer (or double).

// note: c[] should have size of at least (an+bn) ------------
int mult(int a[],int an,int b[],int bn,int c[]) { ------------
--- int n, degree = an + bn - 1; ---------ooiooiiooooo
--- for (n =1; n < degree; n <<= 1); // power of 2 ----------
--- poly *A = new poly[n], *B = new poly[n]; -----------------
--- copy(a, a + an, A); fill(A +an, A +n, 0); --------------
--- copy(b, b + bn, B); fill(B + bn, B + n, 0); --------------
--- fft(A, n); fft(B, n); -------mmmmmimi i
--- for (int i = 0; i < n; i++) A[i] = A[i] = B[i]; ----------
--- inverse_fft(A, n); ---c-cccmmmmmimi e
--- for (int i = 0; i < degree; i++) -------------oioioooon
——————— c[i] = int(A[i].a + 0.5); // same as round(A[i].a) ---
--- delete[] A, B; return degree; ----------------------------
} ____________________________________________________________
5.4. Number Theoretic Transform. Other possible moduli:
2113929217(22%), 2013265920268435457 (228 withg = 5)

#include "../mathematics/primitive_root.cpp" -----------------
int mod = 998244353, g = primitive_root(mod), ----------------
- ginv = mod_pow<ll>(g, mod-2, mod), -------------------------
- inv2 = mod_pow<1l>(2, mod-2, mod); -------------------------
#define MAXN (1<<22) ------mmmm oo e
struct Num { ---------- e
B L I R e R
- Num(ll _x=0) { x = (_x%mod+mod)%mod; } ---------------------
- Num operator +(const Num &b) { return x + b.x; } -----------
- Num operator -(const Num &b) const { return x - b.x; } -----
- Num operator *(const Num &b) const { return (1l)x * b.x; } -
- Num operator /(const Num &b) const { ----------------~-------
--- return (11)x * b.inv().X; } ----------mmmmmmmi oo

- Num inv() const { return mod_pow<ll>((1l)x, mod-2, mod); } -
- Num pow(int p) const { return mod_pow<ll>((1l)x, p, mod); }

} T1[MAXN], T2[MAXNI];
void ntt(Num x[], int n, bool inv = false) {
- Num z = inv ? ginv @ Q) ---------eo oo
-z = z.pow((mod - 1) / n);
- for (L1 i=0, j=0;1<n; i++) {
--- if (i < j) swap(x[il, x[j1);
--- 11 k = n>>1;
--- while (1 <= k & k <= j) j -= k, k >>= 1;
- 4=k}
- for (int mx = 1, p = n/2; mx < n; mx <<=
--- Num wp = z.pow(p), w = 1;
--- for (int k = 0; k < mx; k++, w = w*wp)
for (int 1 = k; 1 < n; 1 +=mx << 1) {
Num t = x[1 + mx] * w;
x[i + mx] = x[i] - t;

x[i] = x[i] + t; } } }
S df (ANV) { e
--- Num ni = Num(n).inv();
--- rep(i,0,n) { x[i] = x[i] * ni;

void inv(Num x[1, Num y[], int 1) { ------ommmmm
- if (U ==1) { y[0] = x[0].inv(); return; } -----co--
B 1177 T 2 - 1 T e
- // NOTE: maybe 1<<2 instead Of 1<<Il -------mmemmmommamaaaann
- rep(i,1>>1,1<<1) T1[i] = y[i] = 0; ----ccmmmmmi oo
- rep(i,0,1) TI[i] = X[1i]; ------mmmmmm e
- ntt(TL, l<<1); ntt(y, 1<<l); ---mmmmmmm i
- rep(i,0,l<<1) y[i] = y[i]#2 - T1[i] = y[i] * y[i]; ---------
- ntt(y, l<<l, true); } -----mmmmm oo
void sqrt(Num x[1, Num y[], dnt 1) { ------mmmmmmm o
- if (U == 1) { assert(x[0].x == 1); y[0] = 1; return; } -----
S sqrt(X, Yy, U>>l); s-ccmm oo
- dnv(y, T2, I521)] --mecmm e eae
- rep(i,1>>1,1<<1) T1[i] = T2[i] = 0; ---ccmmmmm e
- rep(i,0,1) T[] = X[d]; -------mmmmm oo
- ntt (T2, l<<1); ntt(TL, 1<<l); ---mmmmmmmm oo
- rep(i,0,l<<1) T2[i] = T1[i] * T2[i]; ---------mmmmmmoao-
- ntt(T2, 1<<l, tru@); ------mmmm e e
- rep(i,0,1) y[i] = (y[i] + T2[i]) * inv2; } -----------------
// vim: cc=60 tS=2 StS=2 SW=2: --------m-mmm e

5.5. Polynomial Long Division. Divide two polynomials A and B to
get Q and R, where % =Q+ %.
typedef vector<double> Poly;
Poly Q, R; // quotient and remainder
void trim(Poly& A) { // remove trailing zeroes
--- while ('A.empty() && abs(A.back()) < EPS)

--- A.pop_back();
b .
void divide(Poly A, Poly B) {
--- if (B.size() == 0) throw exception();
--- if (A.size() < B.size()) {Q.clear(); R=A; return;}
--- Q.assign(A.size() - B.size() + 1, 0);
--- Poly part;
--- while (A.size() >= B.size()) {
int As = A.size(), Bs = B.size();
part.assign(As, 0); -----------mooo o
for (int i = 0; i < Bs; i++)
part[As-Bs+i] = B[i];
double scale = Q[As-Bs] = A[As-1] / part[As-1];
for (int i = 0; i < As; i++)
A[i] -= part[i] = scale;
trAm(A); - - s
--- } R =A; trim(Q); }

5.6. Matrix Multiplication. Multiplies matrices Apxq and Bgxr in
O(n3) time, modulo MOD.

long[]1[] multiply(long A[][], long B[][]) {
int p = A.length, q = A[0].length, r = B[0].length;
// 1if(q != B.length) throw new Exception(":(((");
long AB[][] = new long[pl[r];
for (int i = 0; i < p; i++)
for (int j = 0; j < q; j++)
for (int k = 0; k < r; k++)
(AB[1i][k] += A[i][j] = B[j1[k]) %= MOD;
return AB; }

5.7. Matrix Power. Computes for B® in O(n®loge) time. Refer to
Matrix Multiplication.

long[][] power(long B[][], long €) { -------------mmommomo--
--- int n = B.length; -------mmmii
--- long ans[][]= new long[n][n]; --------------“---
--- for (int i = 0; 1 < n; i++) ans[il[i]l = 1; ---------------
---while (€ > 0) { ---- -
——————— if (e % 2 == 1) ans = multiply(ans, b); --------------
——————— b = multiply(b, b); e /= 2; -----mmmmiii
--- } return ans;} -------c-iiiameiei e

5.8. Fibonacci Matrix. Fast
{F1, Fs,...,F,} in O(logn):

F, ] _ 1 1" . [P
F._1] |1 O 131
5.9. Gauss-Jordan/Matrix Determinant. Row reduce matrix A in
O(n?) time. Returns true if a solution exists.

computation for nth Fibonacci

boolean gaussJordan(double A[1[]) { -------------"-----"---~-----
--- int n = A.length, m = A[0].length; -------------t

- boolean singular = false; -----------------~-~--------------
--- // double determinant = 1; ---------c--mmmmm
--- for (int i=0, p=0; i<n && p<m; i++, p++) { ---------------
——————— for (int k =1 + 1; k <n; k+) { --------mmmmmmmmannn
——————————— if (Math.abs(A[k]l[pl) > EPS) { // swap -----------
——————————— // determinant x= -1; --------cmmai o
——————————— double t[]=A[i]; A[i]=A[k]; A[k]l=t; --------------
——————————— break; ------------oi
___________ } e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e =
_______ b e
——————— // determinant *= A[I][p]; -----------"""c"""-"mmmm-
------- if (Math.abs(A[i][p]) < EPS) ------cmmmmmmi
——————————— { singular = true; i--; continue; } --------------
------- for (int j = m-1; j >= p; j--) A[i][j1/= ALillp]; ----
——————— for (int k = 0; k < n; k#+) { ------mmmmmmmm
——————————— if (i == k) continue; -------------------oooo--
——————————— for (int j =m-1; j >=p; j--) --------mmmmaon
--------------- ALKIT31 -= ALKIIp] * A[4T[§1; ------mmmmmommee
_______ } e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e
--- } return !singular; } ---------ommmi

6. MatH II - COMBINATORICS

6.1. Lucas Theorem. Compute (Z) mod p in O(p+log, n) time, where
p is a prime.

LL f[P], lid; // P: biggest prime ----------------------------
LL lucas(LL n, LL k, int p) { -----------mmmmmmi o
--- if (k==0) return 1; -------------cii o
- Af (N < p & K<p) { ccre
——————— if (Uid = p) { ----mmmmmm e
——————————— lid = p; fIO] = 1; -----mmmmmm i
——————————— for (int i = 0; i < p; ++1i) fli]=f[i-1]1*i%p; -----
_______ } e e e e e e e e e e e e e e e e e e e e e e e e e e e e e m o
——————— return f[n] * modpow(f[n-k]*f[kl%p, p-2, p) % p;} ----
--- return lucas(n/p,k/p,p) * lucas(n%p,k%p,p) % p; } --------
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6.2. Granville’s Theorem. Compute () modm (for any m) in
O(m?log? n) time.

fprime(n, p):
# counts the number of prime divisors of n!
pk, ans = p, 0
while pk <= n:
ans +=n // pk
pk *= p

granville(n, k, p, E): -----mmmmmmm i
# n choose k (mod p"E)
prime_pow = fprime(n, p)
if prime_pow >= E:
return 0
e = E - prime_pow
PE = PHKE - - - m e e oooooooooooo-o-
---r, f=n -k, [1] * pe

for i in range(1l, pe):
——————— X =1

- fprime(k, p) - fprime(n - k, p)

numer, denom,
while n:
if f[-1] != 1 and ptr >= e:
negate "= (n & 1)
numer = numer * f[n % pe] % pe
denom = denom * f[k % pe] % pe * f[r %
r=n//p,k//p,r//p
Ptr += 1 --ccccmmmmemiie e emee i ene e
ans = numer * modinv(denom, pe) % pe
if negate and (p != 2 or e < 3):
ans = (pe - ans) % pe
return mod(ans * p**xprime_pow, px**E)

negate, ptr =1, 1, 0, 0

choose(n, k, m): # generalized (n choose k) mod m
factors, x, p =[], m, 2
while p * p <= x:
------- e =0

------- p+=1
if x > 1:

factors.append((x, 1))
crt_array = [granville(n, k, p, e) for p, e in factors] --
mod_array = [pxxe for p, e in factors]

return chinese_remainder(crt_array, mod_array)[0]

6.3. Derangements. Compute the number of permutations with n ele-
ments such that no element is at their original position:

D(n)=(n—1)(D(n—1)+ D(n—2)) =nD(n—1) + (-1)"

6.4. Factoradics. Convert a permutation of n items to factoradics and
vice versa in O(nlogn).

// use fenwick tree add,
typedef long long LL;
void factoradic(int arr[],
--- for (int i = 0; i <=n;
--- for (int 1 = 1; i < n;
--- for (int 1 = 0; 1 < n;
--- int s = sum(arr[i]);
--- add(arr[i], -1); arr[i] = s;
void permute(int
for (int i =
for (int i =
for (int i =
arr[i] = low(arr[il
add(arr[i], -1);
e e

int n) { // 0 to n-1
i++) fen[i] = 0;
i++) add(i, 1);
b I T

arr[], int n) { // factoradic to perm
0; i <=n; i++) fen[i] = 0;
1; i < n; i++) add(i, 1);
0; 1 <nj dt4) { --mmmmmmm oo
- 1);

6.5. kth Permutation. Get the next kth permutation of n items, if
exists, using factoradics. All values should be from 0 to n — 1. Use
factoradics methods as discussed above.

std::vector<int> nth_permutation(int cnt, int n) { -----------
- std::vector<int> idx(cnt), per(cnt), fac(ent); -------------
- for (int i = 0; i < cnt; ++i) idx[i] = i; ------------------
- for (int 1 = 1; 1 < cnt+1l; ++1i) fac[i - 1] = n % 1, n /= 1i;

- for (int i =cnt - 1; i >=0; --i) ---mmmmmmii i
--- perfent - i - 1] = idx[fac[i]], -----------------oo-
--- idx.erase(idx.begin() + fac[i]); ---------------cmmo--
- oreturn per; } - -

6.6. Catalan Numbers.

G =C)-G3)

n =

(1) The number of non-crossing partitions of an n-element set

(2) The number of expressions with n pairs of parentheses

(3) The number of ways n + 1 factors can be parenthesized

(4) The number of full binary trees with n + 1 leaves

(5) The number of monotonic lattice paths of an n x n grid (5-SAT

problem)

(6) The number of triangulations of a convex polygon with n + 2
sides (non-rotational)

(7) The number of permutations {1, ...,n} without a 3-term increas-
ing subsequence

(8) The number of ways to form a mountain range with n ups and
n downs

6.7. Stirling Numbers. s;: Count the number of permutations of n
elements with k£ disjoint cycles

s2: Count the ways to partition a set of n elements into £ nonempty
subsets

1 n=k=0
siin,k)=¢s1in—1,k—1)—(n—1)s1(n—1,k) n,k>0
0 elsewhere
1 n=k=0
s2(n,k) = ¢ so(n— 1,k — 1)+ ksa(n—1,k) n,k>0
0 elsewhere

6.8. Partition Function. Pregenerate the number of partitions of pos-
itive integer n with n positive addends.

1 n=k=0
p(nvk): 0 n<k
pin—1,k—1)+pn—k,k) n>k

7. MatH III - NUMBER THEORY

7.1. Linear Prime Sieve.

std::bitset<N> isc; // #include <bitset>
std::vector<int> p;
void sieve() {
- for (int i = 2; i < N; i++) {
--- if (!isc[i]) p.push_back(i);
for (int j = 0; j < p.size() &% i*p[j] < N;
isc[ixp[jl] = 1;
if (i%p[j] == 0) break; } } }

7.2. Miller Rabin.

bool sieve[LIM+1];// remember to sieve up to some LIM
vector<ll> primes;
//deterministic up to 2764
11 good_bases[] = {2,325,9375,28178,450775,9780504,1795265022};
// remember mod_pow and mod_mult
bool witness(ll a,ll n) {
-1l t=0, u=n-1;

- while (u % 2 ==0) {
---u >>= 1;
---t+=1; }
-1l xp =1, xi =
- for (int 1 =
See XP = XD e
--- xi = mod_mult(xi, xi, n);
--- dif (xi == 16&& !(xp ==1 || xp ==
- return xi !'=1; }
bool miller_rabin(ll n) {
- if (n <= 1) return false;
- if (n == 2) return true;

- if (n%2 == 0) return false;
- if (n <= LIM) return sieve[n];
- for (const 11& x : good_bases) {
B N - B O T e
--- if (a == 0) return true;
--- if (witness(a,n)) return false; }
- return true; } - cc o

mod_pow(a,u,n);
0; i< t; i++) {

n-1)) return
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7.3. Number/Sum of Divisors. If a number n is prime factorized
where n = p1l X p2©2 X --- X prp€k, where oo is the number of divi-
sors while o1 is the sum of divisors:

k(e;)+1 _ 1

St =y = [T
dln

pi — 1

o1(n)

Product: Hd: n- 2
dln

7.4. Mé6bius Sieve. The Mo6bius function p is the Mobius inverse of e
such that e(n) = 3_,,, u(d).

std::bitset<N> is; int mu[N];
void mobiusSieve() {
- for (int i = 1; 1 < N; ++i) mu[i] = 1;
- for (int i = 2; 1 < N; ++i) if (!is[i]) {
--- for (int j = 1; j < N; j += 1) is[j] = 1, mulj]
--- for (11 j = 1LL#*ixi; j < N; j += ixi) mu[j] = 0;

7.5. Mébius Inversion. Given arithmetic functions f and g:

gm) =3 fd) & fm) =D ud)g (%)
din din

7.6. GCD Subset Counting. Count number of subsets S C A such
that ged(S) = g (modifiable).

int f[MX+1]; // MX is maximum number of array
long long gcnt[MX+11; // gcnt[G]: answer when gcd==G
long long C(int f) {return (111 << f) - 1;}
// f: frequency count
// C(f): # of subsets of f elements (YOU CAN EDIT)
// Usage: int subsets with_gcd_1 = gcnt[1];
void gcd_counter(int a[], int n) {
- memset(f, 0, sizeof f);
- memset(gcnt, 0, sizeof gcnt);
- int mx = 0;
- for (int 1 = 0; 1 < n;
fla[il] += 1;
————— mx = max(mx, a[il);
- for (int i = mx; i >= 1;
--- int add = f[i];
--- long long sub = 0;
--- for (int j = 2+i; j <=mx; j += 1) {
add += f[j];
sub += gent[j]; }
--- gcnt[i] = C(add) - sub; }}

7.7. Euler Totient. Counts all integers from 1 to n that are relatively
prime to n in O(y/n) time.

11 totient(1ll n) {
- if (n <= 1) return 1;
- 11 tot = n;
- for (int i = 2; i * i <= n; i++) {
--- if (n % i == 0) tot -= tot / i;
co-while (N % i ==0) N /= d; } -cocmmmmmmmm o
- if (n > 1) tot -=tot / n; ------mm e
- return tot; } -------------iiii -

7.8. Extended Euclidean. Assigns z,y such that az + by = gcd(a,b)
and returns ged(a, b).

11 mod(1ll x, WU m) { // use this instead of x %S m ------------
- if (m==0) return 0Q; ------------ oo
S Af (M < Q) M ok= -l e e
- return (x%m + m) % m; // always nonnegative ----------------
b e
11 extended_euclid(1ll a, 11 b, 11 &x, 1L &y) { ---------------
- if (b==0) {x = 1; y =0; return a;} ------------------------
- 11 g = extended_euclid(b, a%b, X, y); ----------------------
- Ml z2 =X - @/bky; ---mm o
-Xx=y;y=2z; return g; -----------miiii
b e
7.9. Modular Exponentiation. Find ¢ (mod m) in O(loge) time.
template <class T> ----------mmmmmmmm
T mod_pow(T b, Te, Tm) { ------mmmmmm oo
ST res = T(1); ----mmmmm oo
- while (€) { -----rmmmm
--- if (e & T(1)) res = smod(res * b, m); ------ccccmmonon
--- b =smod(b * b, m), e >>=T(1); } --------------m-m-mm--
- return res; } o------ oo
7.10. Modular Inverse. Find wunique « such that axz =
1 (mod m). Returns 0 if no unique solution 1is found
Please use modulo solver for the non-unique case.

11 modinv(ll a, LI m) { -------mmmm i
- 1l x, y; 11 g = extended_euclid(a, m, X, y); ---------------
- if (g==1 ]| g ==-1) return mod(x * g, m); ---------------
- return 0; // 0 if invalid } -----------cmmmmmi

7.11. Modulo Solver. Solve for values of = for ax = b (mod m). Re-
turns (—1,—1) if there is no solution. Returns a pair (z, M) where solu-
tion is  mod M.

pll modsolver(ll a, 1l b, 11 m) { -------mmmmmme s
- 11 x, y; 11 g = extended_euclid(a, m, X, y); ---------------
- if (b % g !=0) return {-1, -1}; -c-ccmmmm
- return {mod(xxb/g, m/g), abs(m/g)}; } ---------------o------
7.12. Linear Diophantine. Computes integers « and y
such that ax + by = ¢, returns (—1,—1) if no solution.

Tries to return positive integer answers for  and y if possible.

pll null(-1, -1); // needs extended euclidean ----------------
pll diophantine(1l a, 11 b, 1l ¢) { ---------mmmmmmea -
- if ('a & 'b) return c ? null : {0, 0}; --------ommmmaooa-
- if ('a) return ¢ % b ? null : {0, € / b}; -----coommmaao-
- if ('b) return c S a ? null : {c / a, O}; ----ccmmmmmmmunn-
- 11 x, y; 11 g = extended_euclid(a, b, X, y); ---------------
- if (¢ % g) return NULL; -----mmmmmm
-y =mod(y * (c/g), @/Q); --------iciieiiiiiiiieiiioes
- if (y == 0) y += abs(a/g); // prefer positive sol. ---------
- return {(c - bxy)/a, y}; } -------ciiiiiiiiiiiiiiiiiioes

7.13. Chinese Remainder Theorem. Solves linear congruence z = b;
(mod m;). Returns (—1, —1) if there is no solution. Returns a pair (z, M)
where solution is * mod M.

pll chinese(1l bl, 11 ml, 11 b2, 11 m2) {
- 11 x, y; 1l g = extended_euclid(ml, m2, x, y);
- if (bl % g != b2 % g) return ii(-1, -1);
- 1L M= abs(ml / g * m2);
- return {mod(mod(x*b2+ml+y*blxm2, Mxg)/g,M), M}; }
ii chinese_remainder(ll b[], 11U m[], int n) {
- ii ans(0, 1);
- for (int i = 0; i < n; ++i) {
--- ans = chinese(b[i],m[i],ans.first,ans.second);
--- if (ans.second == -1) break; }
- return ans; J -

7.13.1. Super Chinese Remainder. Solves linear congruence a;x = b;
(mod m;). Returns (—1,—1) if there is no solution.

pll super_chinese(1l a[], 1l b[], 1l m[], int n) { -----------
S pLl ans(0, 1), ----mmmmm oo
- for (int i = 0; i <n; ++1) { c-cmmei e
--- pll two = modsolver(al[il, b[il, m[i]); -------------------
--- if (two.second == -1) return two; ------------“““~““~“~“~—~-~“~--
--- ans = chinese(ans.first, ans.second, ---------------~-~-~-~---
--- two.first, two.second); -----------ciomo o
--- if (ans.second == -1) break; } ------------oooooooooo
- return ans; } ---ceccicieiiiei e

7.14. Primitive Root.

#include "mod_pow.cpp"
11 primitive_root(1l m) {
- std::vector<ll> div;
- for (11 1 = 1; i*i <= m-1; i++) {
--- if ((m-1) % i == 0) {
if (i < m) div.push_back(i);
if (m/i < m) div.push_back(m/i); } }
- for (int x = 2; x < m; ++x) {
--- bool ok = true;
--- for (int d : div) if (mod_pow<ll>(x, d, m) == 1) {
ok = false; break; }
--- if (ok) return x; }
- return -1; }

7.15. Josephus. Last man standing out of n if every kth is killed. Zero-
based, and does not kill 0 on first pass.

int J(int n, int k) {
- if (n == 1) return 0;
- if (k == 1) return n-1;
- if (n < k) return (J(n-1,k)+k)%n;
- int np = n - n/k;
- return kx((J(np,k)+np-n%k%np)%snp) / (k-1); }

7.16. Number of Integer Points under a Lines. Count the num-
ber of integer solutions to Az + By < C, 0 <z < n, 0 < y. In other

Cc—-A
words, evaluate the sum >.7_ {Tx + 1J . To count all solutions, let

c .

n = liJ In any case, it must hold that C' — nA > 0. Be very careful
a

about overflows.
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8. MatH IV - NUMERICAL METHODS

8.1. Fast Square Testing. An optimized test for square integers.
long long M;
void init_is_square() {

- for (int i = 0; i < 64; ++i) M |= 1ULL << (63-(i*i)%64); } -

inline bool is_square(ll x) {

- if (x == 0) return true; // XXX -------mmmmmi

- if ((M << x) >= 0) return false;
- int ¢ = std::__builtin_ctz(x);
- if (c & 1) return false;
- X >>= C;
- if ((x&7) - 1) return false;
- 11 r = std::sqrt(x);
- return r*r == x; }

8.2. Simpson Integration. Use to numerically calculate integrals

const int N = 1000 * 1000; // number of steps ---------------

double simpson_integration(double a, double b){
- double h = (b - a) / N;

- double s = f(a) + f(b); // a =x0and b = x2n -----------

- for (int i = 1; i <= N - 1; ++i) {
--- double x = a + h x i;
--- s 4= f(x) * ((1 & 1) ? 4 :
- s %= h / 3;
- return s; }

9. STRINGS

9.1.
string s in O(n) time.

int par[N]; // parent table -----------cmmmmm o

void buildKMP(string& f) {
- par[0] = -1, par[l] = 0;
-int i =2, j = 0;
- while (i <= f.length()) {
--- if (f[i-1] == f[j]) par[i++] = ++j;
--- else if (j > 0) j = parl[jl;
--- else par[i++] = 0; } }
std::vector<int> KMP(string& s, string& f) {

- buildKMP(f); // call once if f is the same ----------------

- int 1 =0, j = 0; vector<int> ans;
- while (i + j < s.length()) {
--- if (s[i + j] == f[j]) {
if (++j == f.length()) {
——————— ans.push_back(i);
i+=73 - parljl;

if (j > 0) j = parljl; }
--- } else {
i+=3 - parl[jl;
if (j > 0) j = parljl; }
- } return ans; }

9.2. Trie.

template <class T> ----------mmmmmm

struct trie {
- struct node {
--- map<T, nodex> children;

Knuth-Morris-Pratt . Count and find all matches of string f in

--- int prefixes, words;
--- node() { prefixes = words = 0; } };

--- nodex cur = root;
--- while (true) {

--- nodex cur = root;
--- while (true) {

--- nodex cur = root;
--- while (true) {

nodex root;
trie() root(new node()) { }
template <class I> ---------ooomm oo
void insert(I begin, I end) {

cur->prefixes++;
--- if (begin == end) { cur->words++; break; }
--- else {
----- T head = *begin;
————— typename map<T, nodex>::const_iterator it;
----- it = cur->children.find(head);
----- if (it == cur->children.end()) {
pair<T, node*> nw(head, new node());
——————— it = cur->children.insert(nw).first;
} begin++, cur = it->second; } } }
template<class I> ----------mmmmmm
int countMatches(I begin, I end) {

--- if (begin == end) return cur->words; -------------------
--- else {
————— T head = *begin;
----- typename map<T, nodex>::const_iterator it;
————— it = cur->children.find(head);
----- if (it == cur->children.end()) return 0;
begin++, cur = it->second; } } }
template<class I> ---------mmmmmmmm
int countPrefixes(I begin, I end) {

--- if (begin == end) return cur->prefixes;
--- else {
————— T head = *begin;
»»»»» typename map<T, nodex>::const_iterator it;
————— it = cur->children.find(head);
»»»»» if (it == cur->children.end()) return 0;
begin++, cur = it->second; } } } };

9.2.1. Persistent Trie.

const int MAX_KIDS = 2;
const char BASE =
struct trie {

--- val(val), cnt(cnt), kids(n_kids) {}

--- trie *n_node = new trie(val, cnt+1,
--- if (i == n) return n_node
--- if (!'n_node->kids[s[i]-BASE])

Q' // '@l or ‘Al am e
int val, cnt; -------om i
std::vector<triex> kids;
trie () : val(-1), cnt(0), kids(MAX_KIDS, NULL) {}
trie (int val) : val(val), cnt(0), kids(MAX_KIDS, NULL)

trie (int val, int cnt, std::vector<triex> &n_kids)

trie xinsert(std::string &s, int i, int n) {
kids);

--- n_node->kids[s[i]-BASE] = new trie(s[i]);

- n_

--- return n_node; } };

node->kids[s[i]-BASE] = --------------ooo o
n_node->kids[s[i] -BASE]->insert(s, i+1, n);

// max xor on a binary trie from version ‘a+l” to b (b > a):

int get_max_xor(trie *a, trie b, int x) {

—dnt ans = 0 e
- for (int i = MAX_BITS; i 5= 0; --i) { -ccc-cmommmooomooooo
--- // don't flip the bit for min XOr -----------«-——«-——-----

---dintu = ((x & (1 << 1)) = 0) ~ 1;

--- int res_cnt = (b and b->kids[u] ? b->kids[u]l->cnt : 0) - -

--- if (res_cnt == 0) u "= 1;
---ans "= (u << i);
--- if (a) a = a->kids[u];
--- if (b) b = b->kids[ul; }
- return ans; }

——————————— (a and a->kids[u] ? a->kids[ul->cnt : 0); --

9.3. Suffix Array . Construct a sorted catalog of all substrings of s in

O(nlogn) time using counting sort.

int n, equiv[N+1], suffix[N+11;
ii equiv_pair[N+11];
string T;
void make_suffix_array(string& s) {
- if (s.back()!='$"'") s += '$';

- N =
- for

--- suffix[i] = i;
- sort(suffix,suffix+n, [&s](int i, int j){return s[i]

- int

- for(int i = 0; i < n; i++){
--- if(i==0 || s[suffix[i]]!=s[suffix[i-1]])

--- equiv[suffix[i]] = sz; }

- for

--- for (int 1 = 0;

--- sort(suffix,

--- int sz = 0;
--- for (int 1 = 0; i < n; i++) {

s.length();
(int 1 = 0; i < n;

A HE R e
FH Sz s e oo
(int t = 1; t < n; t<<=l) { -----mmmmmm i
1< n; i++)
equiv_pair[i] = {equiv[i],equiv[(i+t)%n]};
suffix+n, [1(int i, int j) {
-- return equiv_pair[i] < equiv_pair[jl;});

if(i==0 || equiv_pair[suffix[i]]!=equiv_pair[suffix[i-1]1])
- ++5Z7;
equiv[suffix[i]] = sz; } } }

int count_occurences(string& G) { // in string T -------------

- int
- for

--- // lower/upper = first/last time G[i] 1is
--- // the ith character in suffixes from [L,R]

L=0, R=n-1;
(int 1 = 0; 1 < G.length(); i++){

--- std::tie(L,R) = {lower(G[i],i,L,R), upper(G[i],i,L,R)}; --

--- if (L==-1 && R==-1) return 0; }
- return R-L+1; }

9.4. Longest Common Prefix .

Find the length of the longest com-

mon prefix for every substring in O(n).

int lcp[N]; // lcp[i] = LCP(s[sal[i]:], s[sal[i+1]:])
void buildLCP(std::string s) {// build suffix array first ----
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- for (int 1 =0, k=0; 1 < n;
--- if (pos[i] !=n - 1) {
for(int j = sa[pos[i]+1]; s[i+k]l==s[j+k];k++);
lcplpos[i]] = k; if (k > 0) k--;
- } else { lcplpos[il] = 0; } } }

9.5. Aho-Corasick Trie . Find all multiple pattern matches in O(n)
time. This is KMP for multiple strings.

class Node {
- HashMap<Character, Node> next =
- Node fail = null;
- long count = 0;
- public void add(String s) { // adds string to trie
--- Node node = this;
--- for (char c : s.toCharArray()) {
if (!node.contains(c))
node.next.put(c, new Node());
node = node.get(c);
--- } node.count++; }
- public void prepare() {
--- // prepares fail links of Aho-Corasick Trie
--- Node root = this; root.fail = null;
--- Queue<Node> q = new ArrayDeque<Node>();

--- for (Node child : next.values()) // BFS

{ child.fail = root; q.offer(child); }
--- while (!q.isEmpty()) {
Node head = q.poll(); ---------mmmmmm i
for (Character letter : head.next.keySet()) {
// traverse upwards to get nearest fail link

Node p = head; ------------------
Node nextNode = head.get(letter);
do { p = p.fail; }
while(p != root && !p.contains(letter));
if (p.contains(letter)) { // fail link found
p = p.get(letter);
nextNode.fail = p;
nextNode.count += p.count;
} else { nextNode.fail = root; }
g.offer(nextNode); } } }
- public BigInteger search(String s) {
--- // counts the words added in trie present in s
--- Node root = this, p = this;
--- BigInteger ans = BigInteger.ZERO;
--- for (char ¢ : s.toCharArray()) {
while (p != root &% !p.contains(c)) p = p.fail;
if (p.contains(c)) {
p = p.get(c);
ans = ans.add(BigInteger.valueOf(p.count)); }
--- } return ans; }
- private Node get(char c) { return next.get(c); }
- private boolean contains(char c) {
--- return next.containsKey(c); }}
// Usage: Node trie = new Node();

// for (String s : dictionary) trie.add(s);
// trie.prepare(); BigInteger m = trie.search(str);

9.6. Palimdromes.

9.6.1. Palindromic Tree . Find lengths and frequencies of all palin-
dromic substrings of a string in O(n) time.

Theorem: there can only be up to n unique palindromic substrings for
any string.

int par[N+2+1], child[N*2+1][128]; ---------cmmmmmaaa oo
int len[N*2+1], node[N*2+1], cs[N*2+1], size;
long long cnt[N + 21; // count can be very large
int newNode(int p = -1) {
- cnt[size] = 0; par[size] = p;
- len[size] = (p == -1 ? 0 : len[p] + 2);
- memset(child[size], -1, sizeof child[sizel);
- return size++; }
int get(int i, char c) {
- if (child[i][c] == -1) child[i][c] =
- return child[il[c]; }
void manachers(char s[]) {
- int n = strlen(s), cn = n *x 2 + 1;
- for (int i = 0; 1 < n; i++) {
--- ¢cs[i *x 2] = -1; cs[i *x 2 + 1] =
- size =n *x 2;
- int odd = newNode(), even = newNode();
- int cen =0, rad =0, L =0, R = 0;

- size = 0; len[odd] = -1;
- for (int 1 = 0; 1 < cn; i++)
--- node[i] = (1 % 2 == 0 ? even :
- for (int i = 1; 1 < cn; i++) {
---if (i>rad) {L=1i-1; R=1+1;1}
--- else {
int M = cen * 2 - 1; // retrieve from mirror
node[i] = node[M];
if (len[node[M]] < rad - i) L = -1;
() R - R e
»»»»»»» R=rad + 1; L =1 % 2 - R;
while (len[node[il] > rad - i)
node[i] = par[node[il]l; } } // expand palindrome ---
--- while (L >= 0 & R < ¢cn && cs[L] == cs[R]) {
if (cs[L] '= -1) node[i] = get(node[i],cs[L]);
L--, R++; }
--- cnt[node[i]]++;
--- if (i + len[node[i]] > rad) {
rad = i + len[node[i]]; cen = 1i; } }
- for (int i = size - 1; 1 >= 0; --i)
- cnt[par[i]l] += cnt[i]; // update parent count }
int countUniquePalindromes(char s[]) {
- manachers(s); return size; }
int countAllPalindromes(char s[]) {
- manachers(s); int total = 0;
- for (int i = 0; i < size; i++) total += cnt[il];
- return total; }
// longest palindrome substring of s
std::string longestPalindrome(char s[]) {
- manachers(s);
- int n = strlen(s), cn =n * 2 + 1, mx = 0;
- for (int i = 1; i < cn; i++)
--- if (len[node[mx]] < len[node[i]])
————— mx = i;

- int pos = (mx - len[node[mx]]) / 2;
- return std::string(s + pos, s + pos + len[node[mx]]); }

9.6.2. Fertree.

struct node { -------------i
- int start, end, len, back_edge, *adj; ----------------------
Snode() { s
--- adj = new int[26]; -------c-ccieimi i
--- for (int i = 0; i < 26; ++i) adj[i] =0; } --------------
- node(int start, int end, int len, int back_edge) : ---------
—————— start(start), end(end), len(len), back_edge(back_edge) {
--- adj = new int[26]; -------c-c-ieiii oo
--- for (int i = 0; i < 26; ++i) adj[i]l =0; } }; -----------
struct eertree { ------------------oioii
- int ptr, cur_node; ---------io oo
- std::vector<node> tree; -------------------oooooooooo
-eertree () { -----cmii i
--- tree.push_back(node()); -------------------------
--- tree.push_back(node(0, 0, -1, 1)); -----------------------
--- tree.push_back(node(0, 0, 0, 1)); -----------------------
--- cur_node = 1; --c-ecmiecan e ae e e eee e e
e 1 A B e L
- int get_link(int temp, std::string &s, int i) { ------------
--- while (true) { -------mmmmm
————— int cur_len = tree[temp]l.len; ------------------------
————— // don't return immediately if you want to -------------
————— // get all palindromes; not recommended ----------------
————— if (i-cur_len-1 >= 0 and s[i] == s[i-cur_len-1]) -------
——————— return temp; ---------cceiii e eeaaa s
————— temp = tree[temp].back_edge; } --------------oooin
--- return temp; } ---------mi i
- void insert(std::string &s, int i) { ---------------ooooo-
--- int temp = cur_node; ---------ooioiii oo
--- temp = get_link(temp, s, i); ------------mmmi
--- if (tree[temp]l.adj[s[i] - 'a'] !=0) { -------------------
————— cur_node = tree[temp].adj[s[i] - 'a']l; -----------------
————— return; } --------mi e
R g N R T LR
--- tree[temp].adj[s[i] - 'a'] = ptr; ------------------------
--- int len = tree[temp].len + 2; ------cmmmmmm
--- tree.push_back(node(i-len+1l, i, len, 0)); ----------------
--- temp = tree[temp].back_edge; ---------------ooooooo
--- cur_node = ptr; ------c-ccciiiicie i eeae s
--- if (tree[cur_node].len == 1) { ------------mmmmmot
————— tree[cur_node].back_edge = 2; ------------------o-oo---
————— return; } -------m i
--- temp = get_link(temp, s, i); -----------mmmmm o
--- tree[cur_node].back_edge = tree[temp].adj[s[i]-'a']; } ---
- void insert(std::string &s) { ------------iioioiiiiiio
--- for (int i = 0; i < s.size(); ++1) ---------mmmmmmmot
————— insert(s, i); } }; ----------mmime

9.7. Z Algorithm. Find the longest common prefix of all substrings of
s with itself in O(n) time.

int z[N]; // z[i] = lcp(s, s[i:])
void compute_z(string s) {
- int n = s.length(); z[0] = 0O;
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- for (int i =1, L=0, R=20; i <n; i++) {
if (i <= R) z[i] = min(R-i+1, z[i-L]);
while(i+z[i] < n && s[z[i]] == s[i+z[i]]) z[il++;
if (i+z[i]-1 >R) L =i, R = i+z[i]-1; }
Z[0] = N; } mcmeemem e iieeeieiciiaiaiaecncaiaaaas

9.8. Booth’s Minimum String Rotation . Booth’s Algo: Find the
index of the lexicographically least string rotation in O(n) time.

int f[N * 2];
int booth(string S) {
- S.append(S); // concatenate itself
- int n = S.length(), i, j, k = 0;
- memset(f, -1, sizeof(int) * n);
- for (3 =1; J <n; j++) {
R I i I IR o B I
--- while (i != -1 && S[j] '= S[k + i + 1]) {
if (S[j] < S[k+ 1+ 1]) k=3 - i - 1;
T
c-- } if (i == -1 && S[j] !'= S[k + i
if (S[j] < S[k + i + 1]) k = j;
Flj - Kl = -1} ---mmmmmmmm e
--- } else f[j - k] =1
-} return k; }

9.9. Hashing.

9.9.1. Rolling Hash.

int MAXN = 1e5+1, MOD = 1e9+7;
struct hasher {
- int n;
- std::vector<ll> *p_pow, *h_ans;
- hash(vi &s, vi primes) : n(primes.size()) {
--- p_pow = new std::vector<ll>[n];
--- h_ans = new std::vector<ll>[n];
--- for (int i = 0; i < n; ++i) {
p_pow[i] = std::vector<ll>(MAXN);
p-pow[i][0] = 1;
for (int j = 0; j+1 < MAXN; ++j)
p_pow[i][j+1] = (p_pow[i][j] * primes[i]) %
h_ans[i] = std::vector<ll>(MAXN);
h_ans[i][0] = 0O;
for (int j = 0; j < s.size(); ++j)
h_ans[i][j+1] = (h_ans[i][j] +
s[jl * p_pow[il[j]) % MOD; } } }; ---

10. OTHER ALGORITHMS

10.1. 2SAT. Build the implication graph of the input by converting ORs
AV B to!A — B and !B — A. This forms a bipartite graph. If there
exists X such that both X and !X are in the same strongly connected
component, then there is no solution. Otherwise, iterate through the lit-
erals, arbitrarily assign a truth value to unassigned literals and propagate
the values to its neighbors.

10.2. DPLL Algorithm. A SAT solver that can solve a random 1000-
variable SAT instance within a second.

#define IDX(x) ((abs(x)-1)x2+((x)>0))

struct SAT {
- int n;
- vi cl, head, tail, val;
- vii log; vvi w, loc;
- SAT() : n(0) { }
- int var() { return ++n; }
- void clause(vi vars) {
--- set<int> seen; iter(it,vars) {
if (seen.find (IDX(*it)"1) != seen.end())
seen.insert (IDX(*it)); }
--- head.push_back(cl.size());
--- iter(it,seen) cl.push_back(x*it);
--- tail.push_back((int)cl.size() - 2); }
- bool assume(int x) {
if (val[x~1]) return false;
if (val[x]) return true;
val[x] = true; log.push_back(ii(-1, x));
rep(i,0,w[x~1].size()) {
int at =
log.push_back(ii(at, h));
if (cl[t+1]
while (h < t && vall[cl[h]”1]) h++;
if ((head[at] = h) < t) {
wlcl[h]].push_back(w[x~1][i]);
swap(w[x~1]1[i--1, w[x"~1].back());
w[x"~1].pop_back();
swap(cl[head[at]++], cl[t+1]);
} else if (!assume(cl[t])) return false; } --
--- return true; }
- bool bt() {
--- int v = log.size(), x; 1l b = -1;
--- rep(i,0,n) if (val[2#i] == val[2*i+1]) {
ILs =0, t=0; ------mmmmmmm i
rep(j,0,2) { iter(it,loc[2*i+j])

»»»»» if (max(s,t) >= b) b = max(s,t), x =
--- if (b == -1 ||
--- while (log.size() !=v) { -------mmmmmmmcmnnnn-
»»»»» if (p == -1) vallq] =
log.pop_back(); }
--- return assume(x"1) && bt(); }
- bool solve() {
--- val.assign(2*n+1, false);
--- w.assign(2xn+1, vi()); loc.assign(2*n+1, vi());
rep(i,0,head.size()) {

if (head[i] == tail[il+2) return false;

----- wlcl[tail[i]+t]].push_back(i); --------------
--- rep(i,0,head.size()) if (head[i] == tail[i]+1)

————— if (!assume(cl[head[i]])) return false; -----
- return bt(); } --cememim i eieieiiieiaaaaa

- bool get_value(int x) { return val[IDX(x)]; } };

w[x~1][i], h = head[at], t = taillat];
I= (x~1)) swap(cl[t], cl[t+1]); -

int p = log.back().first, q = log.back().second;
false; else head[p] = q;

s+=1LL<<max(0,40-tail[*it]+head[*it]); swap(s,t); } --
2%1 + (t>=s); } ---
(assume(x) && bt())) return true;

rep(at,head[i],tail[i]+2) loc[cl[at]].push_back(i); } --
rep(i,0,head.size()) if (head[i] < tail[i]+1) rep(t,0,2) -

10.3. Stable Marriage. The Gale-Shapley algorithm for solving the sta-
ble marriage problem.

vi stable_marriage(int n, vvi &m, vvi &w) {
- std::queue<int> Q; ----c--ce-emeio i
- vi at(n, 0), eng(n, -1), res(n,
- for (int i = 0; 1 < n; ++i) {
--- for (int j = 0; j < n; ++j)
inv[ilIw[il[j1] = j;
--- g.push(i); }
- while (!q.empty()) {
--- int curm = q.front(); q.pop();
--- for (int &i = at[curm]; 1 < n;
int curw = m{curm][i];
if (eng[curw] == -1) { }
else if (inv[curw][curm] < inv[curw][eng[curw]])
g.push(eng[curw]);
else continue;

res[eng[curw] =
- return res; }

10.4. Cycle-Finding. An implementation of Floyd’s Cycle-Finding al-
gorithm.

ii find_cycle(int x0, int (*f)(int)) {
- int t = f(x0), h f(t), mu =0, lam = 1;
- while (t !'= h) t = f(t), h = f(f(h));
B I e e T
- while (t !'= h) t =
Sh = f(t); ~-m e
- while (t !'= h) h = f(h), lam++;
- return ii(mu, lam); }

10.5. Longest Increasing Subsequence.

vi lis(vi &arr) { -------mm e
- if (arr.empty()) return vi();
- vi seq, back(arr.size()), ans;
- for (int i = 0; 1 < arr.size()) {
--- int res = 0, lo = 1, hi = seq.size();
--- while (lo <= hi) {
int mid = (lo + hi) / 2;
if (arr[seq[mid-1]]1 < arr[i]) res =
else hi = mid - 1; }
--- if (res < seq.size()) seqlres] = 1i;
--- else seq.push_back(i);
--- back[i] = res == 0 ? -1 :
- int at = seq.back();

- while (at != -1) ans.push_back(at), at =
- std::reverse(ans.begin(), ans.end());
- return ans; }

10.6. Dates. Functions to simplify date calculations.

int intToDay(int jd) { return jd % 7; } ----------coooomo--
int dateToInt(int y, int m, int d) { -------------oommoo
- return 1461 * (y + 4800 + (m - 14) / 12) / 4 + -------------
=== 367 % (m -2 - (m-14) /12 % 12) / 12 - ------iecaaoon-n
--- 3 % ((y + 4900 + (m - 14) / 12) / 100) / 4 + -------------
ceed - 32075; F o

void intToDate(int jd, int &y, int &m, int &d) {
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-dnt x, N, i, J5 s // maximize T x == Pivot(r, S); } } --mcmem e
- X = Jd + 68569; -------iiei // subject to Ax <= b DOUBLE Solve(VD &x) { ----------mmmmmmimi i
SN =4 % X [ LAB097; - m - mm e // X >= 0 B T N o
- X == (146097 * n + 3) / 4; c--ccceoiiiiieeoiie oo // INPUT: A -- an m x n matrix - for (int i = 1; 1 < m; i++) if (D[il[n + 1] < D[r][ln + 1]) -
- 1= (4000 * (x + 1)) / 1461001; -----------------mmiiaaaa o // b -- an m-dimensional vector T AT H e
- X == 1461 x i / 4 - 31; ------emeem e // Cc -- an n-dimensional vector - if (DIrlln + 1] < -EPS) { -----mmmmmmm i
-] =80 x X/ 2447 ----ee e // X -- a vector where the optimal solution will be - PIvOt(r, N); --mmim i
-d =X - 2447 % J [/ B0; ---c-ceceeeei i // stored -- if (!Simplex(1) || D[m + 11[n + 1] < -EPS) -----------m----
S X = Ll e // OUTPUT: value of the optimal solution (infinity if ---- return -numeric_limits<DOUBLE>::infinity(); -------------
L B A B // unbounded above, nan if infeasible) -- for (int i = 0; i < m; i++) if (B[i] == -1) { -------------
-y =100 x (n - 49) + 1+ X; } ------iommi i // To use this code, create an LPSolver object with A, b, T 1| I
N . . i // and c as arguments. Then, call Solve(x). --- for (int j = 0; j <= N; JH+) ----mmmmm e
10.7. Simulated Annealmg. An examplej use of S;mllllated Annealing Coos i (s == -1 || DIA1[§] < DLATLS] || <cceemmmmmm oo
to find a permutation of length n that maximizes 307" |p; —piyal. DIi10§] == DI1][S] && N[J] < N[S]) - ccmmmmmommonoe
double curtime() { ------------m e typedef long double DOUBLE; ---------------oo-o-ooooooomooooo S = J 3 el
- return static_cast<double>(clock()) / CLOCKS_PER_SEC; } ---- typedef vector<DOUBLE> VD; ----------------o-oomo-ooooooooooos cos PAVOL(d, §)3 F F e
int simulated_annealing(int n, double seconds) { ------------- typedef vector<VD> VWD; --------voooooooooooiinon oo - if (!Simplex(2)) return numeric_limits<DOUBLE>::infinity():
- default_random_engine rng; -------------~--~—--coo o typedef vector<int> vi; --------------ooooooooooooooooooooooos X = UD(N) e
- uniform_real_distribution<double> randfloat(0.0, 1.0); ----- const DOUBLE EPS = le-9; -----------oommmmomooooooooo o - for (int i = 0; 1 < m; i++) if (B[i] < N) cc--ommmmmmmmoaann
- uniform_int_distribution<int> randint(0, n - 2); ----------- struct LPSolver { -------------oooooniioommooo oo oo XIBIATT = DIATIN # 115 - ccmmmmmmmomm oo
- // random initial sOlUtIiON -=----------sommmmm oo 1ﬂt L ~return DIMIIN + 113 F F3 ccmmmmmmm oo
= VL SOL(N); -mm e mm e e VI B, Nj oo
- for (int i = 0; i < n; ++i) SOl[di] = i + 1; -cocmccooo s A ) e e 10.9. Fast Input Reading. If input or output is huge, sometimes it
- std::random_shuffle(sol.begin(), sol.end()); --------------- LPSolver(const VVD &A, const VD &b, const VD &c) : ---------- is beneficial to optimize the input reading/output writing. This can be
- /) initialiZ@ SCOI@ - - == e oo - m(b.size()), n(c.size()), -------------moii i achieved by reading all input in at once (using fread), and then parsing
< ANt SCOI@ = 0 - - N(n + 1), B(m), D(m + 2, VD(n + 2)) { --------------mmm-- it manually. Output can also be stored in an output buffer and then
Cfor (ANt i = 1; 4 < Nj A1) cccmmmmm e - for (int i = 0; i <m; i++) for (int j = 0; j < n; j++) ---- dumped once in the end (using fwrite). A simpler, but still effective, way
--- score += std::abs(sol[i] - SOL[i-1]); ----rmmmmmmmmmmmmm- --- DILI[3] = ALLI[G]; -----mmmmmm e to achieve speed is to use the following input reading method.
- dAnt Q1ters = 0] --c- - e e - for (int i = 0; 1 <m; i++) { B[i] = n + i; D[il[n] = -1; -- yoid readn(register int *n) { --------------oooooo
- double TO = 100.0, T1 = 0,001, ------c-mmmmmmmmcmameaamaae --- D[il[n + 1] = b[i]; } -------mmmmmmmme e < ANt SIQN = 1 s e
----- progress = 0, temp = TO, -----------c-ceoeeeooooooo. - for (int j = 0; j < n; j++) { N[J] = j; DImI[3] = -c[jl; } - - register char C; --------cmmmmmmmmmm o
----- starttime = curtime(); ------------=--ccc-cceeeceeocoo = NIN] = =15 DIm + IJ[N] = 15 } ----commmm oo oo ) = B s n e e
- while (tru@) { «--=--mmmmmmmmi oo void Pivot(int r, int s) { -------------oooiioiiiooiiooooo - while((c = getc_unlocked(stdin)) != '\n') { -------c-omcmo-
co- Af (I(iters & ((1 << 4) - 1)) { --cmmmmmm e - double inv = 1.0 / DIrJ[s]; ------------mmmmmmmmmaoeoee cee SWATCN(C) { m e
————— progress = (curtime() - starttime) / seconds; ---------- - for (int i =0; i <m + 2; i++) if (1 !'=r) ---------------- _____ case '-': sign = -1; break; -------------cocoioooooo-
————— temp = TO * std::pow(Tl / TO, progress); --------------- -- for (int j = 0; j <n + 2; j++) if (j !=s) --------------- .. case ' ': goto hell; -------mmmmmmmmomomoo
————— if (progress > 1.0) break; } --------------------o-o--o === D[i][j] -= DIrl[j] » D[il[s] * inv; ----------------cooco0 L case '\n': goto hell; -----------ommommmo
—-= // random mUtation -------- - - for (int j = 0; j < n + 2; j++) if (j !=s) DIrl[j] *= inv; ... default: *n *= 10; *n += c - '0'; break; } } -----------
--- int a = std::randint(rng); --------c-cciiioioiiooo o - for (int 1 = 0; 1 <m+ 2; i++) if (1 != r) DILI[S] #= -ANV]  RETl: = cmmmmmm o
--- // compute delta for mutation ----------«-=-<ceoocea.- - DIrIls] = dnv; ---vomcmmmmmrr e S RN K= SEQN; } o e
s ANt delta = 0 e - swap(B[rl, N[sl); } -------rmmmi . o
-.- if (a > 0) delta += std::abs(sol[a+1] - sol[a-1]) -------- bool Simplex(int phase) { ----------mmmmmmmmm 10.10. 128-bit Integer. GCC has a 128-bit integer data type named
_____________________ - std::abs(sol[a] - sol[a-1]); --------- - dint x = phase == 1 2 m+ 1 : M ~----------mmmmmmooooooo-o-.  ——1NT128. Useful if doing multiplication of 64-bit 1nte:gers, or something
. if (a+2 < n) delta += std::abs(sol[a] - sol[a+2]) -------- - While (true) { =--cmmm oo oo e needing a little more than 64-bits to represent. There’s also __float128.
——————————————————————— - std::abs(sol[a+1] - sol[a+2]); ----- - Ant s = -1; ---oooooooooooooooo o 0 9] Bit Hacks.
--- // maybe apply MUtation -------------eommommoeo oo R B L e ANt SO0 (ANt X) { - -
--- if (delta >= 0 || randfloat(rng) < exp(delta / temp)) { -- --- if (phase == 2 & N[j] == -1) continue; ------------------ CAME Y = X & X, Z = X 4 Y} - emmm o mmmm e
————— std::swap(sol[al, sol[a+1]); ~-----------------mmomooooo -oo Af (s == -1 [ DIXI[I] < DIXILS] || -ooooommooomomeeeeeeee 0 | ((X'A 7) > 2)'/ Vi F oo
----- score += delta; ------------- - ------- D[x][]j] == D[x][s] & N[j] < N[s]) s =3; } ---------- !
————— // if (score >= target) return; ------------------------ -- if (D[x][s] > -EPS) return true; --------------cocoooooooo- 11. Misc
e b R L S o B e . .
Yo P - for (int i = 0; i < m; dt#) { cceemme e 11.1. Debugging Tips.
- FELUFN SCOM@; } - e e oo --- if (D[i][s] < EPS) continue; -------------------o-oo-- e Stack overflow? Recursive DFS on tree that is actually a long path?
--- if (r == -1 || D[il[n + 1] / D[il[s] < D[rl[n + 11 / ----- e Floating-point numbers
10.8. Simplex. D[rlls] || (D[il[n + 11 / D[il[s]) == (D[rlln + 1] / - — Getting NaN? Make sure acos etc. are not getting values out of

// Two-phase simplex algorithm for solving linear programs
// of the form

-- 1if (r

D[r]l[s]) & B[i] < B[r]) r =
-1) return false;

i; }

their range (perhaps 1+eps).
— Rounding negative numbers?
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— Outputting in scientific notation?

e Wrong Answer?

— Read the problem statement again!

— Are multiple test cases being handled correctly? Try repeating
the same test case many times.

— Integer overflow?

— Think very carefully about boundaries of all input parameters

— Try out possible edge cases:

n=0n=—-1,n=1n=23 —1orn= -2

List is empty, or contains a single element

n is even, n is odd

Graph is empty, or contains a single vertex

Graph is a multigraph (loops or multiple edges)

* Polygon is concave or non-simple

— Is initial condition wrong for small cases?

— Are you sure the algorithm is correct?

— Explain your solution to someone.

— Are you using any functions that you don’t completely under-
stand? Maybe STL functions?

— Maybe you (or someone else) should rewrite the solution?

— Can the input line be empty?

* X ¥ X ¥

e Run-Time Error?

— Is it actually Memory Limit Exceeded?

11.2. Solution Ideas.

e Dynamic Programming

— Parsing CFGs: CYK Algorithm

— Drop a parameter, recover from others

— Swap answer and a parameter

— When grouping: try splitting in two

— 2k trick

— When optimizing, see Section 2 (DP) if you can use anything

there
* Convex hull optimization
* Divide and conquer optimization
* Knuth optimization
Greedy

e Randomized
e Optimizations

— Use bitset (/64)

— Switch order of loops (cache locality)
Process queries offline

— Mo’s algorithm

e Square-root decomposition
e Precomputation
e Efficient simulation

— Mo’s algorithm

— Sqrt decomposition

— Store 2% jump pointers
Data structure techniques

— Sqrt buckets

— Store 2% jump pointers

— 2% merging trick
Counting

— Inclusion-exclusion principle

— Generating functions

e Graphs

— Can we model the problem as a graph?
— Can we use any properties of the graph?
— Strongly connected components
— Cycles (or odd cycles)
— Bipartite (no odd cycles)
* Bipartite matching
* Hall’s marriage theorem
* Stable Marriage
— Cut vertex/bridge
— Biconnected components
— Degrees of vertices (odd/even)
— Trees
+* Heavy-light decomposition
* Centroid decomposition
* Least common ancestor
* Centers of the tree
— Eulerian path/circuit
— Chinese postman problem
— Topological sort
— (Min-Cost) Max Flow
— Min Cut
* Maximum Density Subgraph
— Huffman Coding
— Min-Cost Arborescence
— Steiner Tree
— Kirchoff’s matrix tree theorem
— Priifer sequences
— Lovész Toggle
— Look at the DFS tree (which has no cross-edges)
— Is the graph a DFA or NFA?
* Is it the Synchronizing word problem?

e Mathematics

— Is the function multiplicative?
— Look for a pattern
— Permutations
x Consider the cycles of the permutation
— Functions
* Sum of piecewise-linear functions is a piecewise-linear
function
* Sum of convex (concave) functions is convex (concave)
— Modular arithmetic
* Chinese Remainder Theorem
* Linear Congruence
— Sieve
— System of linear equations
— Values too big to represent?
* Compute using the logarithm
* Divide everything by some large value
— Linear programming
% [s the dual problem easier to solve?
— Can the problem be modeled as a different combinatorial prob-
lem? Does that simplify calculations?
Logic
— 2-SAT
— XOR-SAT (Gauss elimination or Bipartite matching)

e Meet in the middle
e Only work with the smaller half (log(n))
e Strings

— Trie (maybe over something weird, like bits)
— Suffix array

— Suffix automaton (+DP?7)

— Aho-Corasick

— eerTree

Work with S+ S

e Hashing
e Fuler tour, tree to array
e Segment trees

— Lazy propagation
— Persistent
— Implicit
— Segment tree of X
Geometry
— Minkowski sum (of convex sets)
— Rotating calipers
— Sweep line (horizontally or vertically?)
— Sweep angle
— Convex hull
Fix a parameter (possibly the answer).
Are there few distinct values?
Binary search
Sliding Window (+ Monotonic Queue)
Computing a Convolution? Fast Fourier Transform
Computing a 2D Convolution? FFT on each row, and then on each
column

e Exact Cover (+ Algorithm X)

Cycle-Finding

e What is the smallest set of values that identify the solution? The

cycle structure of the permutation?
factorization?
Look at the complement problem

— Minimize something instead of maximizing
Immediately enforce necessary conditions. (All values greater than
07 Initialize them all to 1)
Add large constant to negative numbers to make them positive

The powers of primes in the

e Counting/Bucket sort

12. ForMULAS

e Legendre symbol: (%) =a®1/2 (mod b), b odd prime.
e Heron’s formula:

A triangle with side lengths a,b,c has area
V/s(s —a)(s —b)(s — c) where s = %b'*'c

Pick’s theorem: A polygon on an integer grid strictly containing
lattice points and having b lattice points on the boundary has area
i+ % — 1. (Nothing similar in higher dimensions)

Euler’s totient: The number of integers less than n that are coprime

to n are n]_[p‘" (1 - %) where each p is a distinct prime factor of n.

Konig’s theorem: In any bipartite graph G = (LUR, E), the number
of edges in a maximum matching is equal to the number of vertices in
a minimum vertex cover. Let U be the set of unmatched vertices in L,
and Z be the set of vertices that are either in U or are connected to U
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by an alternating path. Then K = (L \ Z) U (RN Z) is the minimum 12.3. Burnside’s Lemma. Let G be a finite group that acts on a set 13. OTHER COMBINATORICS STUFF
vertex cover. X. For each g in G let X9 denote the set of elements in X that are fixed o p—y T2
e A minumum Steiner tree for n vertices requires at most n—2 additional by g. Then the number of orbits Catalan Co=1,Cn = 337 ( ) =00 CiCn—i1 = ntl
Steiner vertices. Stirling 1st kind | [0] =1, [7] :Tg] =0, [} == [" ]+ [;
e The number of vertices of a graph is equal to its minimum vertex cover X/G X9 - . _ _ _ -1 —1
_ graph is eq 1X/G| = |G|Z| \ Stirling 2nd kind | {1} ={2} =1, {3} =k{""}+ {11}
number plus the size of a maximum independent set. geG o
e Lagrange polynomial through points (zo,¥0), .., (Zk, yx) is L(z) = Euler <"> = <n"1> 1, <:> =(k+1) <"k > +(n—k)
k —Zm _
> 5=0Yi [To<m<k fJ o Euler 2nd Order | (1) = (k+1) << no-l >> +@2n—-k—-1) << Z_i >>
m#~i . . LN - Sn) = ZalZ n— l Bell B 1. B n— 1B o« n
e Hook length formula: If X\ is a Young diagram and hy(i,7) is e 1=1,5n=2_1_9 k( E )f Zkzo{k}
the hook-length of cell (,7), then then the number of Young tableux
dyx =n!/T]hr(4,7)- . s . . . #labeled rooted trees nn—1
e Mébius inversion formula: If f(n) _ Zd\ 9(d), then g(n) = 12.4. Bézout’s identity. I.f (z,y) is any solution to az + by =d (.e.g. labeled unrooted trees 2
found by the Extended Euclidean Algorithm), then all solutions are given o &
de p(d)f(n/d). If f(n) = m—19(ln/m]), then g(n) = by #forests of k rooted trees 5(,@)71"*
D=1 M) f(Ls 1) , n 2 =nn+1)(2n+1)/6 zf L3 =n2(n+1)%/4
e Fprimitive pythagorean triples with hypotenuse < n approx n/(2w). (x +k y—k @ ) !n =nx!(n—1)+ (-1)" In=(n—-1)((n—1)+!(s
e Frobenius Number: largest number which can’t be expressed as ged(a, b) ged(a, b) () Fi = Fan Zl (" 1) = Fpi1
a linear combination of numbers ai,...,a, with non-negative coeffi- S ( ) _ (n+1) ok = z'{ }( )
cients. g(a1,a2) = araz — a1 — a2, N(a1,a2) = (a1 — 1)(a2 — 1)/2. 12.5. Misc. k=0 Am ml)
. 5 a=b (mod z,y) = a=b (mod lem(z,y)) >4 ( )—n
g(d-a1,d-az2,a3) = d-g(a1,a2,a3)+az(d—1). Aninteger z > (max; a;) m In 5
. - ac=bc (mod m) = a=b (mod —~—) (g, 00(d))? =D 41, O
can be expressed in such a way iff. z | ged(a,...,an). 12.5.1. Del inant d PM ged(c,m) In In
0.1 Leterminants Gn : p prime < (p — 1)! = —1 (mod p) ged(n® — 1,n? — 1) = n®
(az+Dw
n ) py "t 1 _ -
12.1. Physics. det(A) = Z sgn(o) H @i, (i) oz(n) =TIi—, 717 = oo(n) =[Ti_g(a; +1)
- ’ -1
e Snell’s law: S0 — sinfz oESn i=1 S (DR = (—1)m(th) |
ER " e S o Sy 290 = O(nlogn)
perm(A) = Z H Qi o (1) d=v;t+ 2at2 v? = v? + 2ad
12.2. Markov Chains. A Markov Chain can be represented as a oE€Sy i=1 vy =v; +at d= Yvitviy
i 2
weighted directed graph of states, where the weight of an edge repre- 1 n . .
sents the probability of transitioning over that edge in one timestep. Let pf(A) = ol Z sgn(o) H Qo (2i—1),0(24) 13.1. The Twelvefblc.l Way. Putting n ball§ into k boxes.
(m) (m) - . e . P o€Son i=1 Balls same distinct same distinct
P = (p;; ') be the probability matrix of transitioning from state ¢ o .
o ) . ) . _ M o Boxes same same distinct | distinct | Remarks
to state j in m timesteps, and note that P(1) is the adjacency matrix of = Z sgn(M) H @i, 5 ) 13 I (n+k~—1) D . Zpartiti
the graph. Chapman-Kolmogorov: (mn) _ > (m) () 1t follows MEPM(n) (Li)eMm i Pi(n =0 Li k-1 Pi(n): dpar 1.1(?ns ‘
& ( + ) () () ) P Pij © kPik Pr; size > 1 | p(n, k) {3} (221 K7} | p(n,k): #partitions
that PUmTn) = pim) p(n) and P = P™. If p¥) is the initial probabil- . k k . _
; : size<1| [n<k n<k n! cond]: 1 if cond =t
ity distribution (a vector), then p(®) P(™) is the probability distribution 12.5.2. BEST Theorem. Count directed Eulerian cycles. Number of = [n < K] [n < K] (n) (n) [ ]

after m timesteps.

The return times of a state ¢ is R; = {m | pgw > 0}, and 4 is aperiodic
if ged(R;) = 1. A MC is aperiodic if any of its vertices is aperiodic. A
MC is irreducible if the corresponding graph is strongly connected.

A distribution = is stationary if 7P = w. If MC is irreducible then
m; = 1/E[T;], where T; is the expected time between two visits at 7. 7 /m;
is the expected number of visits at j in between two consecutive visits at
i. A MC is ergodic if limm,— o0 p<0)Pm = m. A MC is ergodic iff. it is
irreducible and aperiodic.

A MC for a random walk in an undirected weighted graph (un-
weighted graph can be made weighted by adding 1-weights) has
Puv = Wun/ D, Wuz- If the graph is connected, then mw, =
ZE wm/Zv 21 wyz. Such a random walk is aperiodic iff. the graph
is not bipartite.

An absorbing MC is of the form P = (Cg f) Let N =
™

o Q™ = (It — Q). Then, if starting in state i, the expected
number of steps till absorption is the i-th entry in N1. If starting in state
%, the probability of being absorbed in state j is the (i, j)-th entry of NR.

Many problems on MC can be formulated in terms of a system of
recurrence relations, and then solved using Gaussian elimination.

OST given by Kirchoff’s Theorem (remove r/c with root) #0ST(G,r) -
I1,(dy —1)!

12.5.3. Primitive Roots. Only exists when n is 2,4, pF, 2pF, where p odd
prime. Assume n prime. Number of primitive roots ¢(¢(n)) Let g be
primitive root. All primitive roots are of the form gF where k, #(p) are
coprime.

k-roots: g ®(W/k for 0 < i< k

12.5.4. Sum of primes. For any multiplicative f:

S(n,p) = S(n,p—1) = f(p)- (S(n/p,p—1) = Sp—-1,p—1))

12.5.5. Floor.
Llz/yl /2] = |=/(y2)]

%y =z —y|z/y]

12.5.6. Large Primes. 100894373, 103893941, 999999937, 1000000007,
16208191877
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